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Abstract

Membrane-confined electrophore<iICE) is an electrophoretic transport method in which macromolecules in
solution are confined within a cuvette through which a current flows. Small ions that can permeate the membranes
permit current flow. The method is the electrophoretic analog to analytical ultracentrifugation. Systems in the MCE
instrument are described by nonequilibrium thermodynamics. This description forms the basis of a program,
implemented using finite element methods, that can model transport processes in such systems over an extended time
from arbitrary starting conditions to steady state. Issues relevant to the analysis of systems in which macromolecular
species are involved in mass—action associations are discussed. Particular attention is given to steady-state
electrophoresis, from which measurements of reduced molecular charge are sought. The relationship of such
measurements to valence is discussed.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction within a cuvette through which a currerif,flows
[1,2]. (See Section 5 for the typical units used for
1.1. The instrument current and other parameter$he four rectangular

walls of the cuvette are joined at right angles to
Macromolecular charge influences macromolec- each other to form a box with open, rectangular
ular structure and function in solution. Membrane- ends(Fig. 1). The cuvette is oriented so that the
confined electrophoresiéSMCE) is a method of  current flows through it vertically. The top and
investigating solution properties, such as electro- bottom of the cuvette are sealed with semiperme-
phoretic mobility, that involve macromolecular able membranes. The-axis of the cuvette is
charge. It is an electrophoretic transport method in defined to be directed vertically downward, with
which macromolecules in solution are confined its origin at the top membrane. Thus, the positive
—_ _ L x-axis is parallel to, and in the same direction as,
60;;’&2*_3%01?'”9 author. Tel.+ 1-603-862-2459; fa:+1- the electrophoretic transport of positively charged
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Fig. 1. Cuvette of the MCE instrument.
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directed downward. The plane cross-sectional area,2). These buffer solutions are typically identical
A, of the cuvette is perpendicular to theaxis, to each other, and contain all the solution compo-
and independent of the vertical positian, Fur- nents found in the system with the exception of
thermore, the current density is assumed to be the membrane-confined species. The solution com-
invariant with position over any horizontal cross- position outside the system is kept constant with
section. This, plus the invariance df with x, time by constantly pumping fresh buffer solutions
leads to the expectation that the current density past the outside of the membranes. Electrodes
should be independent of position in the cuvette. located downstream from the membranes produce
For simplicity, the inner surfaces of the cuvette the electrical current through the cuvette. The
walls and the membranes are chosen as the boundproducts of electrochemical reactions at the elec-
aries of the system in MCE. The system typically trodes are flushed to waste. The temperature of
contains a solution composed of some species thatthe system is held constant by a temperature-
can permeate the membranes, and other speciesontrolled, recirculating waterbath connected to
that cannot. Among the usual membrane-permeantwater jackets that surround the cuveft. At the
species are a solvent such as water; small ions,start of a typical MCE experiment, the solution
such as K and Cl ; and a buffer, such as Tris, inside the system is in dialysis equilibrium with
to control the pH. Among the usual membrane- the surrounding buffer, and there are no concentra-
impermeant (membrane-confined species are tion or temperature gradients inside the system.
macro-ions, such as proteins or polynucleotides. The data obtained from the MCE instrument are
Buffer solutions are maintained above the top light intensities. These intensities are obtained for
membrane and below the bottom membréRay. fixed points along ther-axis of the system using
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Fig. 2. Buffer flow through the MCE instrument.

a photodiode array imaging systeiRig. 3). Typ- system[2]. As will be shown in Section 3, different
ically, data that are proportional to the concentra- parameters relevant to charge are obtained from
tion of membrane-confined species, and insensitive the different types of experiments. The apparent
to the concentration of membrane-permeant spe- electrophoretic mobility, discussed in Section 2.3,
cies, are sought. To obtain such data, the intensitiesis the natural parameter of charge for moving
are converted to optical densities using a set of boundary experiments, and the reduced molecular
reference intensities obtained at a current sufficient charge, discussed in Section 2.4, is the natural
to concentrate the membrane-confined species atparameter of charge for steady-state experiments.
the membranes, in general, or, preferably and more

typically, at the lower membrane alor{¢]. The 1.2. The system

wavelength of the light source is chosen so that,

in most cases, the optical densities are only affect- A system reaches equilibrium when its proper-
ed by the concentrations of the membrane-confined ties cease to change with time, and there are no
species. The current used to obtain a set of refer-flows of energy or matter through the system. If
ence intensities is generally within the range of its properties are invariant with time, but there are
the currents used in moving boundary experiments, flows of energy or matter through it, a system is
in which one or more fairly sharp concentration described as being at steady stf@& A flow of
gradients(Fig. 4) move rapidly through the system electrical current through the system in the MCE
[2]. Lower currents are used in steady-state exper-instrument results in a flow of magshat of the
iments to eventually produce broad, time-invariant membrane-permeant ighsnto and out of the
macro-ion concentration gradienggig. 5) in the system. Furthermore, as an electrical current passes
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Fig. 3. Light intensity measurement in the MCE instrument.

through the system, power is dissipated, and in the phoretic methods is beyond the scope of this paper.
process of maintaining a constant system temper- Approaches for such calculatioi8—10 consider
ature, heat flows from the system to the surround- systems that are microscopic in scale, making them
ings. (At the currents used in MCE experiments, ill suited for describing systems macroscopically.
the flow of heat is negligibld1,4,5.) Due to the In contrast, the nonequilibrium thermodynamic
current flowing through it, a system in the MCE formalism is a purely macroscopic, phenomenolog-
instrument can never achieve equilibrium, but it ical approach, making it well suited for describing
can reach steady state. The appropriate thermody-transport processes throughout an entire system in
namic description of such a system is one basedthe MCE instrument.
on nonequilibrium thermodynamics, the theoretical  In 1989, Godfrey applied nonequilibrium ther-
basis of which was greatly advanced by Onsager modynamics to the problem of steady-state MCE
[6,7]. in nonassociating systempl]. More generally,
The nonequilibrium thermodynamic description nonequilibrium thermodynamics can describe an
of MCE closely resembles that of analytical cen- associating or nonassociating system during MCE,
trifugation. However, as systems ultimately reach whether it is at steady state or not, provided that,
steady state rather than equilibrium in MCE, there as discussed in Section 2.2, certain conditions are
are complicating flow effects present in MCE at met. A nonequilibrium thermodynamic description
steady state that are absent in sedimentation atof the system forms the basis of a program that
equilibrium. Calculating, on the basis of theory, models transport processes in an entire system
the contribution of these flow effects to measure- over an extended time, from arbitrary starting
ments of the sort made by MCE and other electro- conditions to steady state. That program is imple-
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Fig. 4. Simulation of boundary velocity experimeat, vs. x:

), att=0; (——), from 2 to 20 min in 2 min steps. The
model interacting system is 2AB+ X 1 s A BX, where A,

B and A,BX are membrane-confined species, while’X is a
membrane-permeant ion. The reaction is divided into two
steps: 2A+Bs AB, for which the equilibrium constant is
K,=2x10%; and A B+X s ABX, for which the equilib-
rium constant i, = 300. ThusK*,= K« describes the equi-
librium for the apparent reaction, ,A 8 A,B*. The reaction
kinetics are essentially instantaneous. An additional membrane-
permeant ion, P* | is present. The parameters describing the
various species are as follows: irfrgol, M, =6000, Mg =
8000, My =35.453, Mp=39.0983, M5=20 000, Mp gx =

20 035.453; in proton equivalentg,= +4, 5= +8,zx = —1,
zp=+1, zag= +16, 2o sx = +15; in cnf/s, D, =1.5X107°,
Dg=1.4x10"%, Dy=16.18<10"%, Dp=16.18<10"°,
Dag=1.0x10"%, Dpgx=1.1x10"%; in cm*, w, =150,
wg=175, wy=—190, wp=190, wp =260, wa gx =195. No
apparent nonideality was included in the model,wgse=w?,
D*;=D;=kgT/f;, and f; is independent of concentration for
each species. The concentrations in the plateau/rim,gvere
approximatelyc, =1.88073< 1074, cg =8.40977X 107 %, ¢y =
3.54530< 1073, ¢p=3.90983<1073, ca,s=5.95345¢10"*
and c, gx =6.33605< 10~*. Using the plateau concentrations
of the membrane-permeant species, applying E4s. (19)
and (21), and using an estimate &f=0.01186 siemengm
(obtained by treating the solution as if it were 0.1 M KCI at
293.15 K), yields E=5 V/cm. (This calculation ofE neglects
the contribution of membrane-confined spediedsing Eq.
(68) to analyze the applicable boundariesy*, =
4.70676< 10 °+ 107 cn?/V s is obtained, which is in agree-
ment with the direct calculation of*, from the plateau
concentrations and the apparent electrophoretic mobilities,
which were calculated ag*;= (ksT/f,E)w;.
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mented using finite element methofikl], and its
essential features are described in Section 3.3.
Systems in which membrane-confined species are
involved in mass—action associations are discussed
in Section 3.1.

2. Theory
2.1. Flux, current and electric field
The net transport of matter in the MCE system

can be described in terms of the molar flux of
each species in the system. The molar flux vector,

-2 . .
J;, of specieg is

(oS

Gl

ﬁj’ D

R
Jj

where M; is the molar massc; is the mass

concentration and; is the transport velocity vector
of speciey.

It is assumed that the electric fields present in
the system are weak enough, and the thermal
motion of each species is great enough, that, on
average, all species are randomly oriented. As a
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Fig. 5. Simulation of the approach to steady statg, vs. x:
(—), from 0 to 2 h in 30 mirsteps;( ) at 36 h(steady
state. The system is the same as that in Fig. 4, exceptEhat
and thus eachv;, is divided by 5. Also, the plateau concentra-
tions of Fig. 4 are the initial concentrations for this figure.
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result, no net transport along the or z-axis is
expected to result from forces directed along the

x-axis. In the absence of turbulent flow, the})

and 2, have no component along theor z-axis

of the system. In the normal operation of the MCE
instrument, no turbulent flows are expected, so
that only thex-components of these vectors need

to be considered. Thu§j=2x(Jj)X, whete
the unit vector in the direction of the positive

axis, and(J)), is the x-component ofjj. This
allows the vector notation to be dropped, so that

Similarly,=

is

J;=(J)), can be used in place 3;.

(v,), can be used in place 6f.
Chemical potential gradients in any of the spe-
cies, the electric potential gradient acting on the

charge of any of the species, and solvent flux i=

determlneJ Chemical potential gradients in
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Other tham4, the most easily controlled variable
in an MCE experiment ig, which is equal to the
sum of the currents of all species. The current is

really a vector;'. In the MCE instrument, however,

i has no component along the or z-axis of the
system, so that=i, can be used in place of the
vector. During an experiment, is typically held
constant with time. Due to conservation of current,
and because there are no sources or sinks of current

within the systemV-Q':O everywhere at all times
in a typical experiment. Provided that, as should

be the case in the MCE instrument, ea?;h is
everywhere perpendicular to the horizontal cross-
section,

EFZZJJJ', (4)

charged species are constrained by the requirementvhere F' is the Faraday, an® is a conversion

of charge neutralityf12], which is described by

-

where z;, the valence of specieg is a signed
parameter. Charge neutrality holds from macro-
scopic volumes down to some minimum volume
that includes some minimum number of charged
particles. Such minimum volumes can become
polarized by transport processes, however, giving
rise to theasymmetry effect, discussed in Section
2.2.

In the MCE instrument4, i andk, the conduc-

2

tivity of the solution, are exploited to contrd.

In general,?f= —mV\If, wherelb is the electric
potential andw is a conversion constant. The
design of the MCE instrument, however, results in

Vv having no component along the or z-axis
of the system. Consequentlgyp¥/dx),,.=VV¥,

and E=E, can be used in place F v arfé,
respectively. Thus, at any given time,
or
E=— w[—] . ®)
0x )iy

constant. The sum is taken over all species. The
current carried by specigsis i;=(AF/0)zJ;. As
each productgJ;, is signed, each; is a signed
parameter. In the absence of overwhelming, oppos-
ing chemical potential gradients, species that differ
with respect to the sign of; will differ with
respect to the sign af,. Consequently, when no
such chemical potential gradients are present, the
sign of j; is the same for all charged species.

A particle of specieg has a chargeQ;, equal
to zje, wheree is the elementary charge. As=
Nae, where N, is Avogadro’'s number, Eq(4)
could be written in terms of; rather thanz;.
Thus, O, can be defined as the charge that a
particle would transfer if it were functioning as a
current carrier. This definition o, is in accord
with the particle being defined as including any
material that remains bound to it despite the forces
present in the system. The particle may include
noncovalently bound material, such as a layer of
water [13]. Any bound material that is charged
will contribute to Q; [13]. The boundary between
material that is bound to a particle and material
that is free to move relative to the particle can be
defined as the surface of shddB]. Thus,Q; can
be considered to be the net charge within the
surface of shear of a particle of specjeld 3].
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2.2. Nonequilibrium thermodynamic description of are symmetric, so that the reciprocal relations are
MCE Lj,=L; for all j and k [6,7,14. Denoting any
magnetic fields or Coriolis forces b§, the most

The formalism of nonequilibrium thermodynam- general expression of the reciprocal relations is
ics applies when fluxes can be expressed as linearL,;,(G)=L, (—G), where L;,(G) is L;; in the
functions of the forces preseft4,15. The forces  presence of;, andL,;(—G) is L,, in the presence
that give rise to fluxes in the MCE instrument are of —G [7]. In the MCE instrument( is negligible.
assumed to be small enough such that this formal- A large body of experimental evidence suggests
ism is applicable. Given this assumption, and that the applicability of Onsager’s reciprocal rela-
denoting the solvent as specigsthe equation for  tions is broader than that might be expected, given
J?, the molar flux of speciegin the solvent frame  that their theoretical basis deals only with pro-
of reference, can be written as cesses that are close to equilibrid®].

The dissipation function,
C:

Ji= Xp= =J——u,, (5) n r
Z T My e, =Y I X+ Y JiA, = Z]X +1,X,

j= g=1

where L, is the phenomenological coefficient LY

linking the transport of speciesto X, [15], and ;1 A

X, is the conjugate molar force of, [16]. (A n—1 , ¢

conjugate force is assigned to each flux through =Y J7X;+ Y JiA,, (6)
j= =1

the systen{16].) The sum is taken over all linearly
independent forced16]. Each conjugate molar

. = .
force is really a Veth_’erz_ka’ where, is per unit volume[16]. This equation is used to
the total molar potential of_)solute speciesdn the  qetermine the proper fluxes and forces to include
MCE instrument, howeverX, has no component in Eqg. (5). In the MCE instrument, all significant
along they- or z-axis of the system, so that, = fluxes are either those of particles or those of
(X,), can be used in place of the vector. There is chemical reactions. The summation indexed by
a total ofn conjugate molar forces, bui,, that of gives the contribution of particle fluxes tb. The
the solvent, has been expressed in terms of thesummation indexed by gives the contribution of
others in Eq.(5). The bulk fluid velocity is independent chemical reaction fluxes do Each
described byv,, the nonvector representation of term in that summation is the product of the molar
the velocity of the solvent flow through the system. reaction flux, J;, of reactiong, times the molar
In the absence of any forces other than that affinity, A,, of reactiong.

measures the local rate of free energy dissipation

associated with solvent flux,.,=0, andv;= The total number of all possible fluxes st r,
from which it follows, in such cases, tha]t— (c/ wheren is the number of possible molar fluxes,
M)v,. andr<n—1 is the number of independent chem-

The phenomenological coefficients are functions ical reaction fluxes[14]. The total number of all
of system properties, such as temperature, pressurgossible forces is alsa+r. As J; and A, are
and the concentrations of solutes, but are inde- scalars, their tensorial order is 0. A(,sandX are
pendent of the magnitudes of any forces present, really vectors, their tensorial order is 1. Given that
provided that those forces are sufficiently small reaction fluxes are not expected to produce molar
[15]. The phenomenological coefficients pertaining fluxes when the system is isotropic, it is assumed
to coupled fluxes are thg;, terms for whichk #;. that the Curie—Prigogine principld4,16 applies
By a statistical mechanical treatment of microscop- in the MCE system, with some possible exceptions
ically reversible processes, which assumes thethat are discussed in Section 3.1.1. Accordingly,
absence of magnetic fields or Coriolis forces in there is assumed to be no coupling between fluxes
the system, Onsager showed that these cross termsnd forces of different tensorial order, with the
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result that no phenomenological coefficients link
the molar affinities of any chemical reactions to
the molar flux of speciegin Eq. (5).

Without the r molar affinities to contend with
in Eq. (5), there remaim conjugate molar forces,

one of which may be expressed in terms of the

others, so that onlyn—1 linearly independent
forces appear in Eq.5). The Gibbs—Duhem rela-
tion is used to expresX, in terms of the other
conjugate molar forces, each of which is associate
with one solute species.

It is assumed that the system develops gradients

in the electric potential and chemical potentials

only, and that these gradients are non-zero only in

Thus, )_)(k= -

szV\I'—Vpk, where, is the chemical potential
of speciesk. To write X;, (¥ /dx),,. can be used

the direction of the x-axis.

in place ofV\I', and asﬁ)p% has no component
along they- or z-axis, (dp,/dx),,. can be used in
its place, where(dw,/0x),,.=(Vuy),. Further-
more, as system properties do not vary wtlor

z in the systemy and z do not need to be held
constant in the derivatives, so th@tw,/ox), .=
(ope/0x), and (0¥ /ax), .= (0¥ /ox),. Thus X, =
—Fz, (W /9x), — (O / 9x),.

Egs.(1) and (5) can be combined to obtain an
expression forL;;. If X,.;=0, J,=L;X;=(c;/
M))v;. As X;=Nafv; in the absence of the transport
of other species,

¢
MfNA @)

L=

The hydrodynamic frictional coefficien;, is that
which applies to speciesin the absence of the
transport of other specigd5]. Neverthelessf; is

T.P. Moody, H.K. Shepard / Biophysical Chemistry 108 (2004) 51-76

substituting —Fz; (0¥ /ox),—(op;/dx), for X,
gives the molar flux of specigsas
il [“"% o))
M;\Naf; Naf;
+ YL Xt (®)
k+j J

dThe sum excludes specigandn, but includes all

other species.

The chemical potential of specigés a function
not only of¢;, but also of the absolute temperature,
T, the pressureP, and the concentrations of all
other solute species. The gradient in the chemical
potential of specieg can be written, then, as

() -(57),.5)
ox ), oT ), p.\ 0x ),
(5,2
oP ),r .\ dx ),

S-CIC)
g acq t,T,PCirqg ax r’

g=1

9

where the subscriptmeans that the concentrations
of all species are held constant. A8T/dx),=0,
(0p;/0T),p. (9T /9x), =

For the second term on the right-hand side of
Eq. (9), a standard thermodynamic relation yields
(0p;/0P),r.=(M;v;), wherev; is the partial spe-
cific volume of the system(the solution with
respect to species If the solution can be consid-
ered an incompressible fluid, and any fluid flow
through the system can be treated as steady and
nonviscous, then the flow is described by Ber-
noulli's equation, which can be written aB=
Po+p(glx—xo) +0v2/2), where g is the

dependent on solute concentrations and other sys-gravitational acceleration, an®, is the reference

tem properties[15], and can thus be viewed as
affected by hydrodynamic nonideality. Even when
the solvent(typically watep is not treated explic-
itly as a species, it is treated implicitly through the
hydrodynamic frictional coefficients of the solutes.
Solving Eq.(5) for J; in terms of the sum over
k and the solvent qux separating the terms for
speciesj from the rest of the terms in the sum

over k, using Eq.(7) to substitute forL;;, and

pressure at the reference positiagnwhen v, =0.
(The choice ofx, is arbitrary, and it is usually
assigned a value of zero. The position of the upper
membrane is the uppermost possible position of
xo.) As J, andc, are nearly invariant with, and

A is invariant withx, (dv,/dx), is either zero or
negligible throughout the system. Furthermore, as
p is dominated by the solvent densifyip/dx), is
expected to be negligible throughout the system.
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Finally, due to the short length of the systefg/ L. .RTM,

ox), is essentially zero throughout the system. To Djx= 107[1

a close approximation, thef@P/ox),=pg, so that ‘

(dw;/0P), 1.(9P/0x),=Mv,pg. While this may Ckz (6 In WJ [ach ]

appear to be significant, a comparison of this term 0Cq 1. Pcsg\ OCk /1

with its counterpart in sedimentation shows that, L, kRTMk_ (11)
due to the small change in height from one end of Cr Sk

the cuvette to the othens,v,pg is too small to

have a detectable effect on any concentration where =, describes the contribution that species
gradient in specieg in the MCE system unless k makes to the thermodynamic nonideality 'of the
Mp,p exceeds approximately 10 /mol. (The system [18]. For k=j, Egs. (7) and (11) give
typical cuvette height is 0.4 cn.As a result,  Dj,=*sT/f)E,; wherekg is the Boltzmann con-
(9p,;/9P),1.(aP/3x), generally makes no discern- stant. ThusD;; is directly proportional ta=;;. In

able contribution td(dp.,/dx) and is treated as addition,D;; is mversely proportional to the effect
equal to zero. ! of hydrodynam|c nonideality oy, [15].

Ly,2?

The third term on the right-hand side of E§) . Defining the electrophoretic mobility coeffi-
is the sole, significant contributor t@ow,/dx),. clent, u;,, as
This term can be made more tractable by repre- L. .FzM,
senting the activity of specigsasc;y, wherey;,  u=="_"—, (12
the activity coefficient of specieg is a function g
of 7, P and the concentrations of all of the solutes gjyes 4 ,=Fz;/Naf;w. Replacing all remaining

[17]. In the limit as the total concentration of all x, W|th sz(a\l’/ax),—(éuk/ax),, using Eq.(3)
the_solutes approaches zero, dhdndP approach o replace(9¥/ax), with —E/w, using Eq.(11)
their standard state values, approacht_es 117]. to substitute for allL;,(dp./dx),, employing Eq.
As w,=u2+RTIncyy;, whereR is the ideal gas  (12), and rearranging, E8) becomes
constant, andu?, the standard state chemical

potential of speciesj, is a constant, (dp;/ o dlnc; C
dc )I T.Pciztq RT(('? In Cj 'Yj/ac )z TPC#q W|th Jf_ f B =D +l§
(0 Inc/ac TP einy l/c for g=j, and (9 In¢;/ 51 !
dc )t'Typy,#q 0 for a” q#], X(Mj,kE_Dj,k(a—Ck] ] (13)
X t
nl(anJ (acq] 2.3. The diminished valence and apparent electro-
qgl 9Cy Jirper, N 0X phoretic mobility
—RT(a Inc; ] 1 Defining the diminished valenckl] of species
x ), jas
dln V,J [acq)J N MAFEN
“ Z( acq t,T,Pcirzq aC/‘ t Zj Zj EF Un c; ]; j Sk ( )

and defining the apparent diffusion coefficient of
Analogous expressions can be written for each specieg as
(0pr/ 0x),, wherek#j.
The diffusion coefficientD,,, is the coefficient K 9Ck
of (1/M)(dc,/dx), that makesD; (1/M,)(dc./ Dj*=D;, +Mk2 MA ac; ), (15
ax), equal toL;,(dp/x), [12,16. Thus, 7



60

results in

¢, ( FZ'E «9Ing
5= M, Nuifw —b ax '
J J t

As can be seen from substitution OF; with its
full expression given by Eq(15), D*;(dInc;/
dx), may not be zero whef In ¢;/dx), is zero if
concentration gradients in species other thane
present. Similarly, as shown by substitutind);
with its full expression given by Eq.14), Fz*,E/
Naf;@ will be zero whenE is zero only if, in the
limit as E approaches zerq, approaches zero.
The latter substitution also shows that, due to the
third term on the right-hand side of E¢l4), for
|E|I >0, z*; need not be zero even whepandu,
are zero.

The diminished valence might be viewed as
something akin to the buoyant molar mass in
analytical centrifugation. The buoyant molar mass
is a natural variable obtained from the analysis of
equilibrium sedimentation data, and is strongly

(16
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zation, which creates an induced electric field. Due
to the orientation of the polarization, the induced
electric field is opposite in direction t8, and thus
opposes the electrophoretic transport of the central
ion.

The first term on the right-hand side of E{.4)
is the valenceg;, and as such, is an electrostatic
term. The second term on the right-hand side of
Eqg. (14) is a hydrodynamic term consisting of the
contribution of solvent flow toz*, The sign of
this hydrodynamic term is determined hy/E.
The last term on the right-hand side of EHd.4)
is an electrohydrodynamic term that sums the
contributions of electrophoretic fluxes in species
other thanj or the solvent taz*, This electrohy-
drodynamic term accounts for the electrophoretic
and asymmetry effects, and is therefore expected
to be opposite in sign from, but lower in magnitude
than Zj.

The apparent electrophoretic mobility; is
equal toFz*;/Naf;w, and thus has the same sign
asz*; ReplacingFz*;/Naf;w with u*;in Eq. (16)

dependent on the properties of the system, in that gives

it represents a molecular parameti, multiplied

by a system facto1—v;p). Similarly*;is not
strictly a molecular parameter, as it is strongly
influenced by various system properties. Addition-
ally, z*; is strongly influenced by fluxes through
the system.

The expectation thalz*;| <|z], at least in the
case ofy, =0, givesz*; its name. Two effects tend
to make|z*;| less thanz;|. One, variously referred
to as the electrophoretic effect, electrophoretic
friction, or coupled ion flows, results from the
fluxes of species other thgn13,15,19. In partic-
ular, momentum transfer to the solvent from coun-
terion fluxes, which are typically opposite in
direction from the central ion flux, are expected to
produce solvent flows opposing the electrophoretic
transport of the central ion(The central ion is
taken here to be a particle of specigsand a
counterion is thus any specidsfor which z./
lzx| = —z;/1z.) The other effect, typically called
the asymmetry effect or the ion relaxation effect,
results from the accumulation of an excess of
counterions in the wake of the central ion
[12,13,19. This asymmetric counterion distribu-
tion about the central ion results in a local polari-

J

C; dlnc;
j—ﬁfj(uﬁE—D;k[—ax ’l]. 17

This equation shows that the molar flux of species

J, in the absence of concentration gradients, is

equal to(c;/M)u* E.
Using Eq.(17) to substitute for/; in Eq. (4),
and solving the resulting equation fargives

)
M/' ox t
cur

%EZ/J J
J

AF
L AF
i ®;

(18)

M.

J

provided thatE is everywhere perpendicular #
and does not vary across The denominator is
equal toAk [19], so that Eq.(18) can be written

as
acj]
ox ),

This equation holds even ¥ varies withx.

F sz;"[
o

K

i
—+
K

E= (19



T.P. Moody, H.K. Shepard / Biophysical Chemistry 108 (2004) 51-76

As A is fixed andi can be held constang can
be controlled to some extent by controllirg As
k is a function ofI', k can be controlled to the
extent thatI’ can be controlled. In generak
increases ad’ increases, buk is not linearly
proportional toI" [19]. For example, in a suffi-
ciently dilute, aqueous solution of a uni-univalent
salt at a fixed temperature, can be estimated by
k=gq,I"—g,I"*?, which is a rearrangement of the
Onsager equation. The coefficients and ¢, can
be calculated19], or can be obtained by fitting
experimentally determined conductivity data. As
dk/dl' =g, —3¢,(I'Y?)/2, ok/dl is diminished
from ¢, by 3g,(I'*/?)/2. The source of this dimi-

nution is thought to be an increase in flow effects,
and thus a decrease in the apparent electrophoretigparameter.

mobility of each ion, ad” increases.
In some instances]” may vary withx and
resulting in variations ok and E with x and r.

Neglecting the second term on the right-hand side

of Eg. (19), this can be estimated by=Exq/x,
wherek is a function ofx and¢, such thatko=«
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dients in the mean ionic activitythe geometric
mean of the individual ion activitigsare negligible
[19].

2.4. Reduced molecular charge

In analogy with the reduced molecular mass of
equilibrium sedimentatiori20], a reduced molec-
ular charge may be defined for electrophoresis.
Just as the reduced molecular mass is a natural
parameter associated with the analysis of equilib-
rium sedimentation data, the reduced molecular
charge is a natural parameter associated with the
analysis of steady-state MCE data. The reduced
molecular mass, however, is a flow-independent
In contrast, the reduced molecular
charge is a flow-dependent parameter. Neverthe-
less, a flow-independent term can be identified
within the reduced molecular charge.

The reduced molecular charge, is defined by
w;=FEz*;/RTw. The sign ofw; is determined by
Ez*; The three parts ofv; are equal toFE/RTw

at x, and some reference time. For steady-state times the three parts af;, giving

experiments, infinite timez.., is a practical refer-
ence time, in which case, at=x, and¢=t¢.., E=

E,. (When the system is at steady state, the time
elapsed since the start of the experiment can be

considered to be...) For moving boundary exper-
iments, the time at which current flow is started,
t,=0, is the most practical reference time, in which
case, atx=x, and r=t,, E=E, In either case,
Eo=i/Aky In the simplest systemsl' is not
expected to vary significantly with or z, with the
result that, for all practical purposes=«k, and
E=E,, at allx and allr.

Along gradients inl’, liquid junction (diffusion)
potentials, can arise from local polarizati¢h9].
The development of diffusion potentials would
causer to vary withx andr. In the case of a uni-
univalent electrolyte for which the cation and anion
have closely matched transference numbersf
the cation is approximately equal tev of the

anion. (Representing the transference number of

current-carrying specieg by T;, v;=itT,M;0/
FAzic; [19].) For such an electrolyte, little, if any,

FE 7,
. + =L
Vit RTw T kgT"

Z L Kl ke (20)

k+#j

C kBT

Each term on the right-hand side is analogous to
its counterpart in Eq(14). Thus, the first term on
the right-hand sideFEz;/RTw, is an electrostatic
term equal to the flow-independent reduced molec-
ular charge,W,, the sign of which is determined
by Ez;. The second term on the right-hand side is
a hydrodynamic term resulting from the contribu-
tion of solvent flow tow;. The sign of the hydro-
dynamic term is determlned by,. The last term
on the right-hand side is an electrohydrodynamic
term that is expected to be opposite in sign from,
but lower in magnitude tharW,. Choosing an
experimental design that ensures no significant
variation inI" with x can minimize the variation
of z*, and thusw;, with x.

Solvent flux is expected to occur in certain
systems, such as one in which the membrane-
permeant electrolyte is uni-univalent and consists

polarization is expected to occur in the system of a cation and anion with matched transference

[19]. Also, for any electrolyte, such polarization is

numbers but different degrees of solvatifitg].

minimized if the system is designed so that gra- Charge-neutral, membrane-confined species can be
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used to measure bulk fluid velocities of any sig-
nificance [21]. Once measured;, can be incor-
porated into the data analysf21]. Experiments
have shown that for KCI, at the magnitudes of the
currents used in MCEyp, is negligible in the
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The total molar flux,J, is the sum of all the
individual molar fluxes, and the total mass fluy,
is equal to the sum of all the individual mass
fluxes. These total fluxes include the fluxes of
both membrane-confined and membrane-permeant

absence of an externally applied pressure gradientspecies. It is often useful to sum only the fluxes
across the systeni2l]. (KCl is a uni-univalent, of  membrane-permeant  species, because
current-carrying electrolyte with relatively closely membrane-permeant species usually do not con-
matched transference numbershus, with a judi- tribute to the data acquired in MCE experiments.
cious choice of electrolytey, can be rendered Nevertheless, the parameterof each membrane-
negligible, in which case, typically*; will have confined species must implicitly incorporate the
the same sign as;, and w; will have the same effects of the fluxes of membrane-permeant species
sign asw,. on that parameter. Furthermore, the parameters
Using Eq.(20), Eq. (16) can be written as f andD* of each membrane-confined species must
implicitly incorporate the effects of the concentra-
(75))
ox J,)

tions of membrane-permeant species on those
parameters.

Comparison with Eq.(17) shows that (kgT/

f)w;=u*,E. The advantage of; over u*; is that

Using Eg. (21), and indexing all membrane-
permeant species by, J,.., the total molar flux of

f; must be known to calculatg'; from u*, while

7*;can be obtained fronw; even if f; is unknown.

membrane-confined species, is
The mass flux of specigsis

(a In cj) J
ox ).)
kBT 0 In C;
Ij:cj(TWj_D;k(T] ]
J t

The summation is fromi=1 to j=m, wherem is
Thus, I;=M,J;. Each mass flux is really a vector,

< ["BT 1)

L —
i fjo J

J

J

C; (kBT (23)

Jme= —
j;z M;

(22)

the number of membrane-confined species. Con-
sequentlys>m for all .

Because mass, rather than the number of moles,
is conserved in all interacting systems, it is more
convenient to work with mass flux, rather than
molar flux. Using Eq.(22), I, the total mass
flux of membrane-confined species, is

?j. Like }, however,?_,- has no component along
the y- or z-axis of the system, so thét=(7)), can
be used in place of the vector. E®2) is used to
write the mass conservation laf#4] (continuity
equation that is needed to develop the equations
for the finite element simulation program described

in Section 3.3. ksT dlnc,
=Tl o 5))

JjFh

(24

2.5. Multiple membrane-confined species

The presence of multiple membrane-confined The advantage of working with,. instead of/ .
species may result from mass—action association,is most apparent when considering systems at
in which different membrane-confined species con- steady state. This is because mass conservation
stitute a single component. Alternatively, different ensures thak,.=0 at allx in all systems at steady
membrane-confined species may be separate comstate. In contrast, molarity may not be conserved
ponents. In either case, the different membrane- in reacting systems, with the result thit.=0 at
confined species will tend to differ with respectto all x only in special cases of systems at steady
w, f or D*. state.
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3. Applications aza+Bzs =zaasp- APPlying Eq.(4) to this exam-
ple, conservation of current will require that
3.1. Steady-state MCE (zaJa + 2875 T ZaaBp/aaep)AF/O@=0 at all x at
steady state. This does not necessarily mean that
3.1.1. Characteristics of the system at steady state JatJs+Jaaep=0 at allx at steady state. It does

At steady state, though mass may flow through mean that, for some systems, some or all molar
the system, concentration cannot change with time fluxes of membrane-confined species might differ
anywhere in the system. As a result, for each from what they would be if unconstrained by the
membrane-permeant species,/dlx=0 at all x at requirement of current conservation. Such adjust-
steady state. Eq$21) and(22) show that if d,,/ ments of the system could be considered an elec-
dx=0, d/,/dx=0, and Eq.(4) shows that if d,/ trohydrodynamic imposition of nonideality, and
dx=0, di,/dc=0. Consequently, &/dx=0 and might alter chemical equilibria, in addition to
di,/dx=0 everywhere for each membrane-perme- affecting the molar fluxes of membrane-confined

ant species at steady state. species.
If, in addition to /. being zero,/,.=0 at all x If membrane-confined species associate with
at steady state, then eagh J;, v; andi; will be membrane-permeant species, current conservation

zero everywhere. If membrane-confined species again requires that the net contribution of the
self-associate, or associate with other species, how-molar flux of the membrane-confined speciesi to
ever, J,,. may not be zero everywhere at steady will be zero everywhere at steady state. Modifying
state, with the result that individual values bf the previous example, suppose the chemical reac-
J;, v; and i; may be non-zero and may vary with tion is aA+BB+xX**s A BgX,, where A, B

x. Nevertheless, the net contribution &f. to i and A, B; X, are membrane-confined species,
must be zero everywhere at steady state. Other-while X is a membrane-permeant ion of valence
wise, with current conservation makimgnvariant 7zx= *+{. Conservation of current will require
with x, the net contribution of the molar flux of that, at steady state,(zaJa+25Js +2xM +

the membrane-permeant speciesi tawould have ZaaBpxX S AaBpx JAF /O =23 )XAF/® at all x.

to vary withx at steady state, which is not possible, Again, for some systems, chemical equilibria and
given that d,/dx must be zero everywhere for the molar fluxes of membrane-confined species
each membrane-permeant species. The only pos-might be affected by the requirement of current
sible exception would be if,,.#0, but &/ ,,/dx= conservation. Put another way, the constraint of
0, at steady state, which would permit eaal)/d  current conservation will result in molar fluxes
dx to be zero throughout the system, while allow- and reaction fluxes becoming coupled in a steady-
ing some of the current to be carried by state system unless the requirement that the net
membrane-confined species. As current conserva-contribution of/,,. to i be zero everywhere can be
tion would requirei, in the system to be different met in the absence of such coupling.

from i, outside the system in this case, making  For neutral, membrane-permeant species, such
di,/dx non-zero at the boundaries, it is unlikely as the typical solvent, H O,I¢/dx=0 at all x at
that a stable, steady state condition of this sort steady state. Whether or nff is zero at steady

could be established. state depends on the nature of the system. If there
Suppose, for example, that in the chemical is solvent flux through the system, the mass flux
reaction aA+BBs A Bg, two different mem-  of the solvent will be non-zero and invariant with

brane-confined species, A and B, associate to form x at steady state.

the membrane-confined specieg A B . Unless the In addition to current conservation, there is the
reduced molecular charge scales with stoichiome- constraint of charge neutrality throughout all MCE
try, which in this example would mean thatv, + systems. To maintain charge neutrality, with
BWs=Waasp: Jmc Will NOt be zero at allk at steady charged, membrane-confined species present in the
state. Nevertheless, valence must scale with stoi-system, the molar concentration of membrane-
chiometry, which in this same example means that permeant cations will generally differ from that of
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membrane-permeant anions. Also, the presence ofand whereB, is the second virial coefficient of
concentration gradients in charged, membrane-the apparent thermodynamic nonideality of the
confined species, together with the requirement of system,B, is the third virial coefficient, and so
charge neutrality, will cause concentration gradi- on. Second, the effects of electrohydrodynamic
ents in membrane-permeant ions. Nevertheless, thenonideality onw; are assumed to be adequately
current, and thus the molar flux, of each described by a virial expansion ef,
membrane-permeant ion will be invariant with

at steady state. To maintain both constant molar WO+ M, i k+1 dC"

flux and charge neutrality, the velocities of Wi= i
membrane-permeant ions must vary with at

steady state if concentration gradients exist in where b, is the second virial coefficient of the

(28

charged, membrane-confined species. electrohydrodynamic nonideality of the system,
Applying Eqg. (24) to the membrane-confined b, is the third virial coefficient, and so on.
species at steady state, for whidh.=0, and Substitution of Eqs(26) and(28) into Eq.(25)
dividing both sides of the equation kg7, results results in
in
G o «dIng J
= EX¥——11=0. 29
&[ ij*dlncJ 0 (25) j;f/( e 9
ANV
IR where
where an ordinary derivative has replaced the - k+1 dC’fnc

partial derivative because the gradient in the log- E*=1+M, c,Z
arithm of eachc; is time-independent at steady
state. The apparent thermodynamic nonideality is .
given by f;,D*;/kgT.

© B ge (30

J

is the contribution of specie;s to the apparent
nonideality of the systemy? is the reduced
molecular charge of specigsin the limit ascp,
approaches zero, amtk, =B, + b, is the (k+ 1)th
virial coefficient of the apparent nonideality of the
system. The series in the summation can be ter-
minated prior tok=g by setting allB*,. ,_1,=0.
The use of Eq(30) results in the apparent noni-
'deality being treated in the same way as thermo-
dynamic nonideality is treated in NONLIN, the
nonlinear least-squares analysis program that is
widely used to analyze equilibrium sedimentation
data[20]. Eq. (30) must account for any variation

3.1.2. Apparent nonideality at steady state

Carefully chosen assumptions about nonideality
have yielded useful equations for a number of
methods, including sedimentatiofi20,24 and
MCE [4]. Two assumptions regarding nonideal
behavior at steady state are made here to obtain
at least for some types of systems, relatively
simple, analytical solutions of Eq25). First, the
apparent thermodynamic nonideality is assumed to
be adequately described by a virial expansion of

*
1D,/ ke, of w; and f,D*;/ksT with x, including any such
FD* . k+1 dck variation that might result from the coupling of
Ll 14 M Z me (26) reaction fluxes and molar fluxes at steady state.
keT de; ' Furthermore, iff; is treated as a constant in Eq.

(29), then any variation in that parameter with
where ¢, the total concentration of membrane- must be accounted for by E30).

confined species, is
3.1.3. Nonassociating systems when J,.=0 at
Cme= Y. C;s 27 steady state
j*h For nonassociating, membrane-confined species,
when I,,.=0, J..=0. In general, at steady state,
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both I,c and J . will be zero only when eacl;
and eachy; is zero. In such cases, each term in
the summatlons of Eq423) and (24), and thus
each term in the summation of E§29), equals
zero. An individual term in Eq(29), then, reduces
to

(3D

This equation can be solved by integration with
respect tox,

X
w?f dx=
X0

emd
f dek, (32)
where use has been madeffdcy,./dc,)(d Inc;/
dx) =dcf,./dx. Solving Eq.(32) for ¢; produces

< k+1
wilx —xo) =M, Y TB;*urém— Cbnd
C;i= co_,.e k=1 s

(33

wherecg, Is ¢; atxo andcg,, is cmeat xo Using

/Z Bik(om:
ao —Coe k=1

(34

to represent the apparent activity of speciest
Xo yields

Etal
a

wx —x, ]—M.i k+1B
— ka T TE K
cj=apt -

%

(e

(35

Application of Eqg.(27) gives the total concentra-

tion of all nonassociating, membrane-confined
species,
= k+1
WOk —xo) =M, Y Bifche
=Y age’ =k (36)
Jj#*h

In this equation, and in the following equations
for which ¢, is the sole concentration variable,
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in Section 1.1 can replacg,. if the ratio of the
molar extinction coefficient to the molar mass is
the same for each membrane-confined species.
3.1.4. Self-associating systems when J,.=0 at
steady state

At steady state, Eq€.35) and (36) also apply
to systems in which membrane-confined species
self-associate, and to systems in which different
membrane-confined species associate with each
other, provided that the reduced molecular charge
scales with stoichiometry. In such casdg.=
when/,,.=0.

For self-associating systems in which the kinet-
ics of the reaction are fast enough to ensure
chemical equilibrium at alk at steady state,

Cmc™= ZKjCIiI

Jj*h

37

applies. IfJ,,.=0 when/,,.=0 in such systems at
steady state, E(.37) permits the total concentra-
tion of a component comprising self-associating,
membrane-confined species to be written as

= k+1 j
Ax—x0)—M, Y e Bjck.e
E R aol k=1 ,

Jj*h

(38)

wherek; is the equilibrium constanisee relevant
footnote in Section bfor the reaction linking the
monomer with thej-mer, ¢, is the concentration
of the monomer,w? is the reduced molecular
charge of the monomer in the limit asg.
approaches zeroM, is the molar mass of the
monomer, and:i*y, is the apparent activity of the
monomer atx,. The reduced molecular charge of
the j-mer in the limit asc,,. approaches zero is
jw?, the molar mass of thgmer isjM,, and the
apparent activity of thg-mer atx, is K(a*o,).
Forj=1, K,=1. The highest order polymer is the
m-mer. The reaction describing-mer formation
is mAsA,, where A is the monomer. If no
polymer of orderH is formed, where ¥ H<m,
then K,,=0. Eq. (38) is the MCE equivalent of
the equation on which the analysis of equilibrium

optical density measurements of the sort describedsedimentation data by NONLIN is bas¢z0].
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3.1.5. Hetero-associating systems when J,,.=0 at species associate with each other, E@5) and

steady state (36) are inapplicable if reduced molecular charge
For hetero-associating systems in which two does not scale with stoichiometry. In such cases,

different membrane-confined species associateJ,,.#0 whenl =0, and resort must be made to

with each other, and where the kinetics of the Eq.(29), instead.

reaction are fast enough to ensure chemical equi-

librium at all x at steady state, 3.1.6. Self-associating systems when J,,.#0 at
steady state
cme= Y K jcict (39) Eq._(2_9) can be applied to a two-species, self-
JEh associating system, such gss A, with reaction

kinetics that are fast enough to ensure chemical
applies. IfJ.,.=0 whenI,,.=0 in such systems at equilibrium, described by Eq(37), at all x at
steady state, Eq:39) permits the total concentra- Steady state. The result, in terms of the gradient in
tion of a component comprising hetero-associating, the logarithm of the monomer concentration when

membrane-confined species to be written as I;ne=0 butJ,,#0, is
. 71
i dinc, _ fitfYjK;ch " 41
w3+ B,walx —xo) — (oM, +B,M) Bictne =k 3 ; j— 1% !
emo= Y Kagoaspe” B dv  fEF+fyK e
J#*h i i
(40) wherec, is the concentration of the monomer, A;

w? is the reduced molecular charge of A in the
limit as ¢, approaches zerd, is a dimensionless
coefficient that would be equal to 1 if the reduced
molecular charge scaled with stoichiometry;
Yjw?=wp is the reduced molecular charge of the
j-mer, A, in the limit asc.,. approaches zerq;;

is the frictional coefficient of A; andf; is the
frictional coefficient of A. The equilibrium con-
stant isK;=c;/c4. Thus,

whereK; is the equilibrium constant for the reac-
tion linking monomer 1 and monomer 2 with
heteropolymeyj, ¢, is the concentration of mono-
mer 1, ¢, is the concentration of monomer 2,
a*y, is the apparent activity of monomer 1 a,
a*, is the apparent activity of monomer 2 a,
M, is the molar mass of monomer A, is the
molar mass of monomer 2y? is the reduced
molecular charge of monomer 1 in the limit as dek det
cme @pproaches zeray is the reduced molecular Mlcle°=M-c- me
1

J7J
charge of monomer 2 in the limit as,. approaches d de;
zero, o, is the stoichiometry of monomer 1 in =k(ZchJ‘l)"*l(Zjch’f1). (42)
heteropolymerj and B; is the stoichiometry of Jj#h Jj#h

monomer 2 in heteropolymej. The reduced
molecular charge of heteropolymgiin the limit
as cm approaches zero is;w?+ w3, the molar
mass of heteropolymeris oM, +B;M,, and the
apparent activity of heteropolymer at x, is
Ki(a*o)Y(a*o,)¥. Forj=1 andj=2, K;=1, while
a,=1,B,=0, a,=0 andp ,=1. The highest order
heteropolymer isn, and applies to the reaction
a,A+B,B2A,,Bg,, where Ais monomer 1 and
B is monomer 2. If no heteropolymer of ord&fr

Eq. (42) shows that=*,=E*, As with the pre-
vious self-association probleni; =1, the highest
order polymer is thern-mer, and if no polymer of
orderH is formed, where ¥ H<m, thenK,,=0.

If B*,=0 for all k, and if the frictional coeffi-
cients can be considered independentxpfEq.
(41) can be integrated with respectit@nd solved
for ¢,, and Eq.(37) used to obtain

. P y—1 J
is formed, where 2 H<m, thenK,=0. o= ZK-[C Bﬁfly]l{j% 1 y(_il)ewg(xx”)J '
For steady-state systems in which membrane- ™ &"/U | f,+f.¥jK ch, *
confined species self-associate, or steady-state sys- (43)

tems in which different membrane-confined
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Analytic solutions that do not assun#,=0 for
all k exist, but are unwieldy.

When Y=1, Eq. (43) is equal to Eq.(38) for
the case ofB*,=0 for all k. Furthermore, given
that 2*,=E*, when Y=1, Eq. (41) reduces to
(dInc,/dx)E* ;=w?, the solution of which yields
Eq. (38). This shows that E(.38) can be obtained
either by assuming thd,.= 0 when!,.=0, which
permits the use of E.31) as a starting point; or
by making no assumptions abag,. when /.=

0, thus requiring the use of E§29) as a starting

point, but assuming that reduced molecular charge

scales with stoichiometry, which in this case means
that jw9=

3.1.7. Hetero-associating systems when J,,.#0 at
steady state

Eqg. (29) can also be applied to a three-species,
hetero-associating system, such asA+
BBs A Bg, with reaction kinetics that are fast
enough to ensure chemical equilibrium, described
by Eqg. (39), at all x at steady state. The result, in
terms of the gradient in the logarithm of the
concentration of monomer 1 wheh,.=0 but
Jmc#0, is

dine;
dx
(fat+fiKei *cBaX)f £ wort (f stf Kee® 'BY)f ¢ w°2
(faET+f K B ER)f ¢4
(FaE5 +f Kere B 52
- (f3—«1 +f.KeT™ )ff 1 ’ (44)

wherec; is the concentration of monomer 1, which
is arbitrarily chosen to be Az, is the concentration
of monomer 2, which is B by the process of
elimination;w? is the reduced molecular charge of
A in the limit as c,,. approaches zeroy$ is the
reduced molecular charge of B in the limit ag.
approaches zerq, is the frictional coefficient of
A; and f, is the frictional coefficient of B. The
frictional coefficient of the heteropolymer, AB ,
is fs; the concentration of A B s and the
reduced molecular charge of AB in the limit as
cme @pproaches zero i83=Y(aw{+pw2), where

Y is a dimensionless coefficient that would be

equal to 1 if the reduced molecular charge scaled
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with stoichiometry. The equilibrium constant is
K=c3/c§c. For such a system,

—dCIr(nC_ aB\k—1
=k(c1+cr+Kcich)
dCl

(] +0LKCOL l 2

)

Expressions in terms of, and ¢, can also be
obtained for d*./dc, and d*,/dc 5

Hidden in Eq.(40) is the assumption th&* ;
:*2 E*,.» which means thatg* of monomer
1, E* of monomer 2, an&* of any heteropolymer
are all the same. With this and the additional
assumption thatd In ¢,/dx)E*,=w3 whenY=1,
Eq. (44) reduces told In ¢, /d0)E* ;=w?. Apply-
ing Eq. (39) to the case ofdInc,;/dx)E*;=w?
and (dInc¢,/dx)E*,=w? yields Eqg. (40). This
shows that Eq(40) can result from two different
approaches: either assuming that.=0 when
I..=0, which permits the use of Eq31) as a
starting point; or by starting with E§29), making
no assumptions about when/,.=0, but assum-
ing both thatJ,=0 when I,,.=0, and that the
reduced molecular charge scales with stoichio-
metry.

If B=1, ¢, can be expressed in terms gfand
¢me the expression being

+[1+BKccd (45)

Cmc—C1
= , 46
2 1+Kc§ (46)
so that
de, 1 [dcmc
dr 1+Kc$ dx
1+ K[acme—(a—Deged™ 4
_ ﬂ] A7)
1+Kc§ dx
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and

Cmc—C
(rotrakes e Star Jrews

Cmc— C1
+(fatrfoKeSY
(fs foKcs )fll+Kc‘1"

aEﬂé)ff 1
1J

dx
u,lcmc_cl '—1*)/ o
¢l ok > {1+Kc
. 1+Kc§ syed )

0
2

dine;
dx e
321 +fKc

(525 +f K5

1=3J 1

de 1+ K[oCme— (oc—l)c]]c(i’ldc
(reztr

a—1mc™C1
1
1+Kcf

dx 1+ Kc§

(48)

As ¢ includesc, in it, and ¢, cannot, in general,
be expressed in terms af, Egs. (44) and (48)
have no obvious solutions. E§48) could poten-
tially be used directly to analyze data, however,
because,, is generally known, and the frictional
coefficients are, at least in principle, measurable.
In systems wherer, and ¢, can be measured
independently, data could be analyzed using Eq.
(44) directly, given knowledge of the frictional
coefficients.
3.1.8. Binding of membrane-confined and
membrane-permeant species at steady state

Egq. (29) only includes the mass flux of
membrane-confined species, so it does not ade-
quately describe systems in which a membrane-
confined species associates with a membrane-
permeant ion. Some systems of this sort can be
treated as an apparent chemical equilibrium, how-
ever, so that Eq(29) becomes applicable, provid-
ed that the reaction kinetics are fast enough to
ensure chemical equilibrium at allat steady state.
For example, for a reaction such asA-+
xX*tsAX,, where A and A X, are membrane-
confined species, and X is a membrane-permeant
ion of valencezx = 4, the equilibrium constant
is

_ CAxy

= ey (49

Provided that X freely permeates the membranes,
however, its concentration will vary little with,
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and the reaction can be treated as an apparent one,
aAsSA* , where A and A*, are membrane-
confined species, with A* being the apparent
polymer. The equation for the apparent equilibrium
constantk*, is

(50

where A is species 1 and A* is species 2. This
equation is an approximation becauseis treated
as a constant, while,/c$ is expected to vary
slightly with x, even if X freely permeates the
membranes.

For a>2, K* can be used in place ok, and
whichever of Eq.(38) or Eq. (43) is most appro-
priate can be used to describe the system.d~er
1, Eq.(29) leads to

de  fEI+fK¥ES

0
1y

(5D

wherewS=Yw3. If E*,can be treated as equal to
E*,, and the frictional coefficients can be consid-
ered independent of, this equation can be solved
for ¢, by integrating with respect ta@. Applying
the relationc,,.=(1+ K*)c, to that solution results
in

f2HfIYK™
aae f2tfiK*

) Wil — o)

k=1

Zk+1
® ( —M, ZTB;kCI;hC)
Cme=(1+K*) :

(52

It is also possible to dividexA+xX*¢2A X,
into two stepspA S A, and Aa+xX*2A X,
The second step can be treated asspA *, for
which K* is the apparent equilibrium constant. Eq.
(29) can then be applied to species A, A and
A.*, with the concentration of A * expressed as
K*cp,.

Reactions such asA +BB+xX*‘2A BgX,,
where A, B and A B X are membrane-confined
species, while X is a membrane-permeant ion of
valencezx = +{, can be divided into two steps,
aA+BB2A B and A By +xX* 2ABgX,.
Treating the second step as, A 8A.By*, EQ.
(29) can then be applied to species A, B, A B
and A,B*;, with K*, the apparent equilibrium
constant for the second step, used to express the
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Fig. 6. Simulation of steady-state experiment, d/dx vs. x.
The system is the same as that in Fig. 5, but only the steady-

state concentration applies to this figure. Denoting A as species ., —

1, B as species 2, A B as species 3, and A BX in the form of
AB* as species 4, withh=2, and withE* ,=F5* ,=5* ;=
B*,=1, Egs.(53)-(59) apply to this system. The results of

calculatlons using these equations with the known parameters,

plus ¢, @andc,, are compared with the results from finite ele-
ment simulation. Results from finite element simulation:
dinc,/dx (#);dIncy/dx (v); dIncy/dx (A); dInc,/dx (@);
dinc,/dx (M). Results from calculations: white----),
dIncy/dx; white (+:+++), dInc,/dx; white (A), dIncgy/dx;
black (se«:- ), dlnc,/dx; white (——), dlIncn/dx=
(c;dIncy/

dx+c,dIney/di+czdIncg/dx+c,dIne/dx)/c e Where,
using c,=(c* me—c)/(L+K %), c =c* nec —c andc &

— %
Cmc™ C" me

concentration of A Bf asK*ca.ss (Fig. 6),
provided, again, that the reaction kinetics are fast
enough to ensure chemical equilibrium at alat
steady state.

The general description of the type of reaction
illustrated by Figs. 4—6 isaA+B+X 's A BX,
where A, B and A BX are membrane-confined
species, while X is a membrane-permeant ion. The
reaction is divided into two stepstA+BaAB,
for which K, is the equilibrium constant; and
AB+X"t2A BX, for which K, is the equilib-
rium constant. Thus =K,cx describes the
equilibrium  for the apparent reaction,
ABs A B*. Denoting A as species 1, B as
species 2, A B as species 3 and A BX in the form
of A,B* as species 4, the equation for ddp/d x
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in terms ofc; and ¢, is

(f3+f1K101 11$CK1 3 )f;c wot
+ K Y wo
dine, (FatfoKacs ‘7)’011+1<1cl 2
dx c [
[f3~1 +f K1 ll_T_CiKliu—v*)fé 1
(f35>2k+f2K100iY ﬂfl
[(m_l-‘rl(l[acﬁc—(a—l)c]]c‘i1dclJ
dx 1+K1C1 dx . (53)
— Cmc C1 -
(fsﬂik'f'flKlC‘i 11_'_7](2[ H*)ffiH‘K ]
where, withc* c=c1+cotca=CmeCa
che—c
_ mc 1 (54)
1+K1C(jf
and
cmd 1 +K 1c%) +K3K %41
cEe= (55)

1+K1C1(1 +K2)

The reduced molecular charge coefficient of stoi-
chiometry is

0 O
- 3”30[1 Loy O], (56)
owy+ws fa
and
BEx= (Egk +%K§E>§J (57

is the polymeric apparent nonideality function. The
expression forc, is used to obtain d la,/dx in
terms of ¢, and ¢,. Species 3 and 4 can be
described in terms of species 1 and 2, resulting in

dlIn
dx

dinc; dinc
—a 1+ 2’

dx dx

dincs
dx

C4

(58)
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where state of the system in a typical boundary velocity
MCE experiment is one in which the concentration
dine, 1 of each species is invariant with Compared to
dc  cFo—c, steady-state MCE, boundary velocity MCE is con-
a1 ducted at relatively high current.
[dc—#‘c— dil)— Mdﬁl_ (59) Assuming that; is positive for all membrane-
de  dx 1+Kct de confined species, boundary velocity MCE produc-
es one or more downward moving boundaries in
3.1.9. Slow reaction kinetics at steady state the concentrations of those species. Behind the
Although Eq. (36) applies to associating sys- boundaries, a region where,.=0 develops.
tems in which the reduced molecular charge scalesAhead of the boundaries is a plateau region, where
with stoichiometry and the reaction kinetics are c¢mc>0 and Iy, is invariant with x. Thus, the
too slow to ensure chemical equilibrium at alét continuity equation gives(dcy,/d1),=0 in the
steady state, its use cannot yield information about plateau region.(This stands in contrast to the
the kinetics. Such kinetic information might be radial dilution that occurs in velocity sedimenta-
obtainable by the application of numerical meth- tion, where, as a consequence of the system being
ods, however. Numerical methods would also be sector-shaped and the angular acceleration being
applicable to systems for which the reduced molec- proportional to r, the plateau concentration
ular charge does not scale with stoichiometry and decreases exponentially with tini23,24.) Ahead
the reaction kinetics are too slow to ensure chem- of the plateau region, above the bottom membrane,

ical equilibrium at allx at steady state. (dcme/ 91),>0. (If v; differs in sign for different
membrane-confined species, some boundaries may
3.1.10. Applicability to equilibrium sedimentation move downward while others move upward.

The steady-state equations above can be modi- The transport velocity of specigds
fied to apply to equilibrium sedimentation by
replacing x with r2/2, where r is the radial e *(3"\ C_;J

e X , v;=uXE—D: (60)

position; replacing . with ¢, the total concen- I ! ,
tration of macromolecules; and replacing with ) _
9, the reduced molecular mass of spegigsthe ~ and the weight average velocity of membrane-
limit as ¢.n approaches zero. An underlying confined species is
assumption of the resulting equations is that the

kinetics of any reactions are fast enough to ensure ,;hcfvf a1n cpe

chemical equilibrium at all- when the system  0w=" =M$E_D‘:’{TJ' (61)
becomes invariant with time. For an associating Y !

system in which the buoyant molar mass does not J#h

scale with stoichiometry, neither will the reduced
molar mass, and the sedimentation analog of Egs.
(43) and (44) or Eg. (48) will apply. In such
cases, letting/,,, represent the molar flux of

whereu*,, is the weight average apparent electro-
phoretic mobility, andD*, the gradient average
apparent diffusion coefficient, is equal to

macromolecules, and,,, represent the mass flux ac.
of macromolecules, I,,=0 but J,,#0 at ZD,-*[ax’J
equilibrium. i+ h ‘

q Dj:=’—a (62)

<
3.2. Boundary velocity MCE Z,,(axl
i

3.2.1. Method In the plateau region, wher€d In c,./9x),=0,

Boundary velocity MCE is a broad-zone meth- u*;,=v;/E andu*,,=v,/E.
od, similar to velocity sedimentation. The initial The relationship between*,, and the reduced
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molecular charge isu*,,=kgT(w/f),,/E, where
(w/f),, is the weight average ratio of the reduced
molecular charge to the frictional coefficient. The
relationship betweenw,,, the weight average

71

that

CPJ’xpdx = jxpc mcdx. (65)

reduced molecular charge, and the apparent elec-

trophoretic mobility isw,,=E(u*f),,/ksT, where
(u*f),, is the weight average product of the appar-
ent electrophoretic mobility and the frictional
coefficient.

3.2.2. Weight average apparent electrophoretic

mobility measurements
In general,

Ime=Y c;=0,) ¢;=CrmdinE
JjFh JjFh
_D;lf(ac_mCJ .
ax ),

In the plateau region(dc,,./9x),=0, so thatl,,.=
cpu* ,E, wherec, is cn, in the plateau region. If

(63

v,, could be measured in the plateau region, then

u*,, could be obtained, given knowledge .

Such measurements might be made by electro-

phoretic light scattering25], but are not possible
with the existing MCE instrument. With that

instrument, however, a moving boundary approach

can be taken to obtain,, and thusu*,.

An approach analogous to that taken by Gold-
berg in 1953[22] to obtain the weight-average
sedimentation coefficients,,, can be used to get
u*,. The plateau region is preceded by a moving
boundary that, due to diffusion, spreads with time.
To measure,,, a point in the boundary that has a
velocity equivalent tav,, is followed. That point,
X, is the equivalent point. If the boundary did not
spread with time, it would remain infinitely sharp,
and its position would be given hy, so thatc
would equal zero in the region preceding and
cme Would equalc, in the region followingx. If
Xo is @ point wherec,,.=co=0, andx,is a point
wherecp.=cy, then

[ e
Co= Radul
P ol 0x ),

From the definitions ot,, x., xoandx it follows

(64)

The left-hand side of this equation is jusx,—
cpXe Making use of €cpe)/dx=x(dc g 0x),+
¢me the right-hand side can be integrated by parts,
giving

f‘p cdx_fcry‘pd J”‘p (acmc) o
xocm - c€oXo (cmEX) X(‘)x ax t '

The first integral on the right-hand side of this
equation is equal tepx,—coro Which reduces to
just cx,, becauser,=0. Thus, Eq.(65) can be
rewritten as

(66)

“ ((ICme
—ege=c g | A e d. 67
CoXp— CXe=C & p f x[ P ldx (67)

X0

Solving Eq.(67) for x, yields

prx[ 8cmcj d fxpx[ acmc] e
x0 ox X0 0x

t

t
Xe - J'XT acmc] ) (68)

dx

xol  0x '

As this equation showsg is the first moment of
the boundary, which is the gradient averagexof
in the boundary. Letting,, equal the position of
the membrane behind the plateau, the elapsed time,
te, 1S the time required for the first moment of the
boundary to travel fronx, to x. Thus,v,,=x./?e
SO u*,,=xe/Ete Whereu*,,=I/Ecp, Im=c & d
te, and it could be said that this approach for
determining u*,, relies on measuring,,. in the

plateau by examining the depletion of membrane-
confined species in the region behind the plateau.

3.3. Finite element simulation program

For a solution that includes the membrane-
permeant solutes X and P, plus the membrane-
confined solutes A, B and A B X , the sum of
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the continuity equations of the solutes is tion step depends, in part, on the flux at the
boundaries of the system being zero for each

"1 dc; n—1(al, species.
Z(E) :_2[5] The simulation handles two overlapping sys-
=t A . tems. The limited system is that within the cuvette,
_ kicAcBet —keapax, Y M, and is the sole system that directly applies to the
M a8, j=1 flux of completely membrane-confined species. At
(69 the boundaries of the limited system, the flux of

membrane-confined species is zero. The nearly
infinite system includes the cuvette, and extends a
virtually infinite distance above and below the
cuvette. The nearly infinite system directly applies
to the flux of species that freely permeate the
membranes. At the boundaries of the nearly infi-
nite system, the flux of membrane-permeant spe-
cies is considered to be zero.

The nearly infinite system is meant to simulate
the continuous supply of fresh buffer above and
-1 o ne10 o] bfelow the cuve'Fte. Except in the .vigir.mity of the
Z(’J =_ Z[!J (70) distant boundaries of the nearly infinite system,

ot ). S\ ox ), the concentration of each membrane permeant
species is considered to be invariant witkand
above the top membrane and below the bottom
' membrane. With this arrangement, only the cuvette
and the regions immediately above and below it
need to be handled explicitly when using the nearly
infinite system.

The program employs a Crank—Nicholson
approach[27] to express d (r)/dr as Ac*(¢)/At,
where Ac*(r) and Ar are finite increments. The
time step is Ar. The difference between the
unknownc* (+ Ar) and the knowre* (7) is Ac* ().

The result is solved forc*(¢+Ar). Interactions

where the mass—action association is described by
aA+BB+xXsABX,, for which &, is the for-
ward rate constant, and, is the reverse rate
constant. For reactants; is the stoichiometry. For
products,v; is the stoichiometry times-1. For all
other speciesy, is zero. The summation in the
second term on the right-hand side is zero, as will
be any such summation for any mass—action asso-
ciation [26], so that

j=1

Eq. (70) is the starting point for developing the
simulation program described here. That program
implemented using finite element methofikl],
permits the simulation of MCE from arbitrary
starting conditions to steady state. For each spe-
cies, the continuity equation(ac;/dr),= —(al;/
dx),, is used to develop a set of equations that can
be solved to obtain a set of concentrations at
consecutive time steps. ER2) is used forl;, and
coefficients of the concentration of each species
are used to treat nonideality in, D*; and f,. The
continuity equation is multiplied by a set o¥

functions ofx indexed, say, by, where 1< g<N. between species are handled separately between
The concentration is approximated as the sum of ime steps. It has been found that the program is
another set o functions ofx, each element of ~ Made more robust by first calculating (z-+ A7)

which, where kk<N, is multiplied by a scalar ~ Starting fromce* (¢ + Ar), then recalculating* (+
coefficient, ¢* (1), that is a function oft and is  A?) starting fromc*\(z+ A7), and averaging the
invariant with x. These steps render the partial results.

derivatives ordinary, which permits integrating the ~ For species that permeate the membranes with
result with respect ta. (If w;, f; andDF of each ~ some difficulty, the percent of permeability is equal
species can be treated as dependent only*f1) to the percent of time steps in which the infinite
of the various species present, thep f; and D*; system is applied, while the limited system is
are independent of, and give rise to no partial applied in all other time steps. With such species,
derivatives) Integration yields a useful expression the application of each system is distributed as
of the time derivatives ofc*(z), the set of all evenly as possible over the entire time course of
c* (1) for some species. The utility of the integra- the simulation.
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The program has been used to check the validity plest, and can be written in terms of the valence
of the equations relevant to the kinds of systems and the diminished valence, giving
described in this papefe.g. see Figs. 4 and)6
The program can also simulate sedimentation, to _ %H(xRe)

which no analog of the infinite system of MCE < — 1+xRe ' (7D
applies. For sedimentation, the applicable conti- !
nuity equation is the Lamm equatiofﬂcj/at)F whereRg, is the exclusion radius of specigsy is

—(1/n(aLr/dr), [26], where s,w?r replaces  the inverse Debye lengtfa function of7 andT),
ksTw;/f; in I;, with » being the angular velocity  and H(xRe,) is Henry’s function, which increases

of the centrifuge rotor. sigmoidally from its lower limit of 1.0 to its upper
_ limit of 1.5 as lod xRg,) ranges from approximate-
4. Conclusions ly —1 to 3. The Stokes radii of the spherical

particles that are hydrodynamically equivalent to

Being a numerical method, the finite element the central ion (species;) and its counterion
simulation program is a potential tool for analyzing (speciesc) are Rs and R, respectively. The sum
data from complicated systems for which no ana- of Rs andRg is equal toR
Iytic solution of the applicable differential equation Use of Eq.(71) requires suff|c|em hydrodynam-
can be found. This includes some MCE systems jc data to determin&e, and sufficient electrophor-
at steady state, some sedimenting systems at equietic data to determm&* For a membrane-
librium, and many boundary velocity MCE and confined, single-species component in the limit as
velocity sedimentation systems. The use of finite . approaches zer®s = kgT/6mmD*; [15], where
element simulations to fit velocity sedimentation v is the viscosity of the solutlon(As the MCE
data from interacting systems has been demonstrat-instrument can be used to measube; of a
ed for systems in which the reaction kinetics are membrane-confined, single-species component
fast enough to ensure chemical equilibrium [29], bothz*;and R, could be obtained with data
throughout at all time§27]. This suggests that the  from this one instrument. Tabulated values of
same general approach to data analysis might bep* _are generally used to estimates, as kgT/
extendable to other types of complicated systems 6qu* Efforts are under way to study the
in both MCE and sedimentation. No method of applicability of Henry’s equation to experimental

analysis that has its basis in nonequilibrium ther- results with large, flexible proteins in solution.
modynamics, however, can independently yield

information about molecular parameters, such as 5. List of parameters and constants
valence.

As discussed in Section 2.35; is not a molec- Due to the mixture of cgs and mks units com-
ular parameter. Thereforey, w; and w? are not monly used in electrophoresis, the typical units of
molecular parameters, and determlnlnjg from the parameters are given in parentheses. Similarly,
u*, w; or w? is complicated by the necessity to the values and typical units of the constants are
account for the electrophoretic effect and the asym- given in parentheses.

metry effect. For small, rigid proteins in some : activity coefficient(dimensionlesks
solvent conditions, at least, these complications I': ionic strength(mol/1)
appear to be surmountable, so thatcan be : solution viscosity(g/cm 9
obtained by comparing experimental electrophor- ©: Faraday conversion factor
etic measurements with corresponding results from (299.7925< 107 statcoulompCoulomb
either relatively simple calculations or detailed «: conductivity of the solution(Siemeng
boundary element modelin@8]. cm)

The relatively simple calculations utilize w: chemical potentialerg/mol)
Booth’s or Henry's equation for the apparent v: signed stoichiometry used in the sum of

electrophoretic mobility{15]. Henry’s is the sim- the continuity equationgdimensionlesk
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contribution of specieg to the
thermodynamic nonideality of the system
(dimensionless

contribution of specieg to the apparent
nonideality of the system
(dimensionless

polymeric apparent nonideality function
(dimensionless

solution density(g/cm®)

reduced molecular magg/cm?)
transference numbédimensionlesk
partial specific volume of the system
with respect to specigs(cm?®/g)

free energy dissipation functioferg/

cm® 9

inverse Debye lengtkl/cm)

electric potentialstatvold

angular velocity(radiarys)

electric field conversion factof299.7925
V /statvold*

apparent activity of specigsat x, (same
dimensions as)

cross-sectional are@m?)

molar affinity of reactiong (erg/mol)

(k+ th virial coefficient of the
electrohydrodynamic nonideality of the
system((mol/g)(cm?/g)*)

(k+ Dth virial coefficient of the apparent
thermodynamic nonideality of the system
((mol/g)(cm?®/g)")

(k+ Dth virial coefficient of the apparent
nonideality of the systemi(mol/g)(cm?/
o))

mass concentratiofy,/cm?)

diffusion coefficient(cm?/s)

elementary chargé4.8032354< 10~ 1°
statcoulomb

unit vector in the direction of the
positive x-axis (dimensionless

electric field vector(V /cm)
hydrodynamic frictional coefficientg/s)
Faraday(2.89253x 10** statcoulom}p
mol)*

standard gravitational accelerati¢®80.7
cm/s?)

magnetic field(T) or Coriolis force
(dyne/g)

H(xRg): Henry's function(dimensionlesk

i current vectorlampere

I mass flux vectol(g/cn? 9

J: molar flux vector(mol/cn? 9

J7 molar reaction flux of reactiog (mol/

cm® 9

ky: forward rate constart(cm®/g)"/s,n+1
being the sum of the unsigned reactant
stoichiometrie}

k. reverse rate constaftcm?®/g)" /s, m+1
being the sum of the unsigned product
stoichiometrie$

kg: Boltzmann constant1.38066x 10~ ¢
erg/K)

K: equilibrium constanftreated as having
the same dimensions ag/k,)*

Ly phenomenological coefficient linking the

transport of speciesto ?(k (mol? s/

g cm?®)

M: molar masgg/mol)

Nj: Avogadro’s numbeK6.022045< 1073/
mol)

P: pressure(dyne/cn?)

g1 first coefficient of the Onsager equation
((I/mol)siemengcm)

q»: second coefficient of the Onsager

equation((l/mol)3>2siemengcm)
charge(statcoulomp

r: radial position in a centrifuge rotor
(cm?)

R: ideal gas constar(i8.31441x 10" erg/
mol K)*

Re: exclusion radiugcm)

Rs: Stokes radius of a hydrodynamically

equivalent spherical particlem)
sedimentation coefficierts)

time (s)

absolute temperatur@)

apparent electrophoretic mobilitycn?/
V's)

total molar potentialerg/mol)

transport velocity vectotcm/s)
reduced molecular chardd/cm)
flow-independent reduced molecular
charge(1/cm)

~ U
TR

TEHGS
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X vertical position in an MCE cuvettécm)

)_'(k: conjugate molar force of the flux in

speciest (dyne/mol)

Y andY,: reduced molecular charge coefficients
of stoichiometry(dimensionless

z valence(proton equivalent

7 diminished valenceproton equivalent

*With F andR in cgs units,F/@wR=11604.5
K/V. This is also equal to the mks Faraday
(96 484.56 coulompmol) divided by the mks
ideal gas constar(i8.31441 Jmol K).

#The equilibrium constant is typically expressed
in terms of molar concentration, rather than mass
concentration. For the most complicated reaction
described in this paper, ocA+BB+
xX*sABX,, and neglecting nonideality, so
that concentration can be substituted for activity
in the expressionsk expressed in terms of mass
concentration is given byc,/c$cBc%, while K
expressed in terms of molar concentration is given
by (ca/cicBe)(MIMEMY/ M (1000  cni/
[)1->~B~x, where the subscripts, 1, 2, 3 and 4,
refer to species A, B, X* and A B X , respec-
tively. Strictly speakingKX, or any other quantity,
must be made dimensionless before taking its
logarithm. To makeK dimensionless, the concen-
tration of each species is first divided by the
appropriate standard-state unit concentration, and
K is then calculated using the resulting ratios in
place of the corresponding concentrations.
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