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Abstract

Membrane-confined electrophoresis(MCE) is an electrophoretic transport method in which macromolecules in
solution are confined within a cuvette through which a current flows. Small ions that can permeate the membranes
permit current flow. The method is the electrophoretic analog to analytical ultracentrifugation. Systems in the MCE
instrument are described by nonequilibrium thermodynamics. This description forms the basis of a program,
implemented using finite element methods, that can model transport processes in such systems over an extended time,
from arbitrary starting conditions to steady state. Issues relevant to the analysis of systems in which macromolecular
species are involved in mass–action associations are discussed. Particular attention is given to steady-state
electrophoresis, from which measurements of reduced molecular charge are sought. The relationship of such
measurements to valence is discussed.
� 2003 Elsevier B.V. All rights reserved.

Keywords: Membrane-confined electrophoresis; Steady-state electrophoresis; Nonequilibrium thermodynamics; Macromolecular
interactions; Finite element simulation

1. Introduction

1.1. The instrument

Macromolecular charge influences macromolec-
ular structure and function in solution. Membrane-
confined electrophoresis(MCE) is a method of
investigating solution properties, such as electro-
phoretic mobility, that involve macromolecular
charge. It is an electrophoretic transport method in
which macromolecules in solution are confined
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within a cuvette through which a current,i, flows
w1,2x. (See Section 5 for the typical units used for
current and other parameters.) The four rectangular
walls of the cuvette are joined at right angles to
each other to form a box with open, rectangular
ends(Fig. 1). The cuvette is oriented so that the
current flows through it vertically. The top and
bottom of the cuvette are sealed with semiperme-
able membranes. Thex-axis of the cuvette is
defined to be directed vertically downward, with
its origin at the top membrane. Thus, the positive
x-axis is parallel to, and in the same direction as,
the electrophoretic transport of positively charged

species when the electric field vector, is also
™
E,
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Fig. 1. Cuvette of the MCE instrument.

directed downward. The plane cross-sectional area,
A, of the cuvette is perpendicular to thex-axis,
and independent of the vertical position,x. Fur-
thermore, the current density is assumed to be
invariant with position over any horizontal cross-
section. This, plus the invariance ofA with x,
leads to the expectation that the current density
should be independent of position in the cuvette.
For simplicity, the inner surfaces of the cuvette

walls and the membranes are chosen as the bound-
aries of the system in MCE. The system typically
contains a solution composed of some species that
can permeate the membranes, and other species
that cannot. Among the usual membrane-permeant
species are a solvent such as water; small ions,
such as K and Cl ; and a buffer, such as Tris,q y

to control the pH. Among the usual membrane-
impermeant (membrane-confined) species are
macro-ions, such as proteins or polynucleotides.
Buffer solutions are maintained above the top
membrane and below the bottom membrane(Fig.

2). These buffer solutions are typically identical
to each other, and contain all the solution compo-
nents found in the system with the exception of
the membrane-confined species. The solution com-
position outside the system is kept constant with
time by constantly pumping fresh buffer solutions
past the outside of the membranes. Electrodes
located downstream from the membranes produce
the electrical current through the cuvette. The
products of electrochemical reactions at the elec-
trodes are flushed to waste. The temperature of
the system is held constant by a temperature-
controlled, recirculating waterbath connected to
water jackets that surround the cuvettew1x. At the
start of a typical MCE experiment, the solution
inside the system is in dialysis equilibrium with
the surrounding buffer, and there are no concentra-
tion or temperature gradients inside the system.
The data obtained from the MCE instrument are

light intensities. These intensities are obtained for
fixed points along thex-axis of the system using
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Fig. 2. Buffer flow through the MCE instrument.

a photodiode array imaging system(Fig. 3). Typ-
ically, data that are proportional to the concentra-
tion of membrane-confined species, and insensitive
to the concentration of membrane-permeant spe-
cies, are sought. To obtain such data, the intensities
are converted to optical densities using a set of
reference intensities obtained at a current sufficient
to concentrate the membrane-confined species at
the membranes, in general, or, preferably and more
typically, at the lower membrane alonew1x. The
wavelength of the light source is chosen so that,
in most cases, the optical densities are only affect-
ed by the concentrations of the membrane-confined
species. The current used to obtain a set of refer-
ence intensities is generally within the range of
the currents used in moving boundary experiments,
in which one or more fairly sharp concentration
gradients(Fig. 4) move rapidly through the system
w2x. Lower currents are used in steady-state exper-
iments to eventually produce broad, time-invariant
macro-ion concentration gradients(Fig. 5) in the

systemw2x. As will be shown in Section 3, different
parameters relevant to charge are obtained from
the different types of experiments. The apparent
electrophoretic mobility, discussed in Section 2.3,
is the natural parameter of charge for moving
boundary experiments, and the reduced molecular
charge, discussed in Section 2.4, is the natural
parameter of charge for steady-state experiments.

1.2. The system

A system reaches equilibrium when its proper-
ties cease to change with time, and there are no
flows of energy or matter through the system. If
its properties are invariant with time, but there are
flows of energy or matter through it, a system is
described as being at steady statew3x. A flow of
electrical current through the system in the MCE
instrument results in a flow of mass(that of the
membrane-permeant ions) into and out of the
system. Furthermore, as an electrical current passes
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Fig. 3. Light intensity measurement in the MCE instrument.

through the system, power is dissipated, and in the
process of maintaining a constant system temper-
ature, heat flows from the system to the surround-
ings. (At the currents used in MCE experiments,
the flow of heat is negligiblew1,4,5x.) Due to the
current flowing through it, a system in the MCE
instrument can never achieve equilibrium, but it
can reach steady state. The appropriate thermody-
namic description of such a system is one based
on nonequilibrium thermodynamics, the theoretical
basis of which was greatly advanced by Onsager
w6,7x.
The nonequilibrium thermodynamic description

of MCE closely resembles that of analytical cen-
trifugation. However, as systems ultimately reach
steady state rather than equilibrium in MCE, there
are complicating flow effects present in MCE at
steady state that are absent in sedimentation at
equilibrium. Calculating, on the basis of theory,
the contribution of these flow effects to measure-
ments of the sort made by MCE and other electro-

phoretic methods is beyond the scope of this paper.
Approaches for such calculationsw8–10x consider
systems that are microscopic in scale, making them
ill suited for describing systems macroscopically.
In contrast, the nonequilibrium thermodynamic
formalism is a purely macroscopic, phenomenolog-
ical approach, making it well suited for describing
transport processes throughout an entire system in
the MCE instrument.
In 1989, Godfrey applied nonequilibrium ther-

modynamics to the problem of steady-state MCE
in nonassociating systemsw4x. More generally,
nonequilibrium thermodynamics can describe an
associating or nonassociating system during MCE,
whether it is at steady state or not, provided that,
as discussed in Section 2.2, certain conditions are
met. A nonequilibrium thermodynamic description
of the system forms the basis of a program that
models transport processes in an entire system
over an extended time, from arbitrary starting
conditions to steady state. That program is imple-
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Fig. 4. Simulation of boundary velocity experiment,c vs. x:mc

(ØØØØØØ), at ts0; (——), from 2 to 20 min in 2 min steps. The
model interacting system is 2AqBqX ~A BX, where A,y1

2

B and A BX are membrane-confined species, while X is ay1
2

membrane-permeant ion. The reaction is divided into two
steps: 2AqB~A B, for which the equilibrium constant is2

K s2=10 ; and A BqX ~A BX, for which the equilib-8 y1
1 2 2

rium constant isK s300. Thus,K* sK c describes the equi-2 2 2 X

librium for the apparent reaction, A B~A B*. The reaction2 2

kinetics are essentially instantaneous. An additional membrane-
permeant ion, P , is present. The parameters describing theq1

various species are as follows: in gymol, M s6000, M sA B

8000, M s35.453, M s39.0983, M s20 000, M sX P A B A BX2 2

20 035.453; in proton equivalents,z sq4, z sq8, z sy1,A B X

z sq1, z sq16, z sq15; in cm ys,D s1.5=10 ,2 y6
P A B A BX A2 2

D s1.4=10 , D s16.18=10 , D s16.18=10 ,y6 y6 y6
B X P

D s1.0=10 , D s1.1=10 ; in cm , w s150,y6 y6 y1
A B A BX A2 2

w s175, w sy190, w s190, w s260, w s195. NoB X P A B A BX2 2

apparent nonideality was included in the model, sow sw ,0j j

D* sD sk Tyf , and f is independent of concentration forj j B j j

each species. The concentrations in the plateau, in gyml, were
approximatelyc s1.88073=10 , c s8.40977=10 , c sy4 y5

A B X

3.54530=10 , c s3.90983=10 , c s5.95345=10y3 y3 y4
P A B2

and c s6.33605=10 . Using the plateau concentrationsy4
A BX2

of the membrane-permeant species, applying Eqs.(4), (19)
and (21), and using an estimate ofks0.01186 siemensycm
(obtained by treating the solution as if it were 0.1 M KCl at
293.15 K), yieldsEs5 Vycm. (This calculation ofE neglects
the contribution of membrane-confined species.) Using Eq.
(68) to analyze the applicable boundaries,u* sw

4.70676=10 "10 cm yV s is obtained, which is in agree-y5 y7 2

ment with the direct calculation ofu* from the plateauw

concentrations and the apparent electrophoretic mobilities,
which were calculated asu* s(k Tyf E)w .j B j j

Fig. 5. Simulation of the approach to steady state,c vs. x:mc

(——), from 0 to 2 h in 30 minsteps;(ØØØØØØ) at 36 h(steady
state). The system is the same as that in Fig. 4, except thatE,
and thus eachw , is divided by 5. Also, the plateau concentra-j

tions of Fig. 4 are the initial concentrations for this figure.

mented using finite element methodsw11x, and its
essential features are described in Section 3.3.
Systems in which membrane-confined species are
involved in mass–action associations are discussed
in Section 3.1.

2. Theory

2.1. Flux, current and electric field

The net transport of matter in the MCE system
can be described in terms of the molar flux of
each species in the system. The molar flux vector,

of speciesj is
™
J ,j

™c v™ j jJs , (1)j Mj

where M is the molar mass,c is the massj j

concentration and is the transport velocity vector™vj
of speciesj.
It is assumed that the electric fields present in

the system are weak enough, and the thermal
motion of each species is great enough, that, on
average, all species are randomly oriented. As a
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result, no net transport along they- or z-axis is
expected to result from forces directed along the

x-axis. In the absence of turbulent flow, then,
™
Jj

and have no component along they- or z-axis™vj
of the system. In the normal operation of the MCE
instrument, no turbulent flows are expected, so
that only thex-components of these vectors need

to be considered. Thus, where is
™ ˆ ˆJse (J ) , ej x j x x

the unit vector in the direction of the positivex-

axis, and (J ) is the x-component of This
™
J .j x j

allows the vector notation to be dropped, so that

J s(J ) can be used in place of Similarly,v s™
J .j j x j j

(v ) can be used in place of™v .j x j

Chemical potential gradients in any of the spe-
cies, the electric potential gradient acting on the
charge of any of the species, and solvent flux

determine Chemical potential gradients in
™
J .j

charged species are constrained by the requirement
of charge neutralityw12x, which is described by

cjz s0, (2)j8 Mjj

where z , the valence of speciesj, is a signedj

parameter. Charge neutrality holds from macro-
scopic volumes down to some minimum volume
that includes some minimum number of charged
particles. Such minimum volumes can become
polarized by transport processes, however, giving
rise to theasymmetry effect, discussed in Section
2.2.
In the MCE instrument,A, i andk, the conduc-

tivity of the solution, are exploited to control
™
E.

In general, whereC is the electric
™™

Esy√=C,
potential and√ is a conversion constant. The
design of the MCE instrument, however, results in

having no component along they- or z-axis
™
=C

of the system. Consequently,(≠Cy≠x) s=Ct,y,z x

and EsE can be used in place of and
™ ™
=C E,x

respectively. Thus, at any given time,t,

B E≠C
C FEsy√ . (3)
D G≠x t,y,z

Other thanA, the most easily controlled variable
in an MCE experiment isi, which is equal to the
sum of the currents of all species. The current is

really a vector, In the MCE instrument, however,
™
i.

has no component along they- or z-axis of the
™
i
system, so thatisi can be used in place of thex

vector. During an experiment,i is typically held
constant with time. Due to conservation of current,
and because there are no sources or sinks of current

within the system, everywhere at all times
™™
=Øis0

in a typical experiment. Provided that, as should

be the case in the MCE instrument, each is
™
Jj

everywhere perpendicular to the horizontal cross-
section,

AF
is z J , (4)j j8Q j

where F is the Faraday, andQ is a conversion
constant. The sum is taken over all species. The
current carried by speciesj is i s(AFyQ)z J . Asj j j

each product,z J , is signed, eachi is a signedj j j

parameter. In the absence of overwhelming, oppos-
ing chemical potential gradients, species that differ
with respect to the sign ofz will differ withj

respect to the sign ofJ . Consequently, when noj

such chemical potential gradients are present, the
sign of i is the same for all charged species.j

A particle of speciesj has a charge,Q , equalj

to z e, wheree is the elementary charge. AsFsj

N e, where N is Avogadro’s number, Eq.(4)A A

could be written in terms ofQ rather thanz .j j

Thus, Q can be defined as the charge that aj

particle would transfer if it were functioning as a
current carrier. This definition ofQ is in accordj

with the particle being defined as including any
material that remains bound to it despite the forces
present in the system. The particle may include
noncovalently bound material, such as a layer of
water w13x. Any bound material that is charged
will contribute toQ w13x. The boundary betweenj

material that is bound to a particle and material
that is free to move relative to the particle can be
defined as the surface of shearw13x. Thus,Q canj

be considered to be the net charge within the
surface of shear of a particle of speciesj w13x.
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2.2. Nonequilibrium thermodynamic description of
MCE

The formalism of nonequilibrium thermodynam-
ics applies when fluxes can be expressed as linear
functions of the forces presentw14,15x. The forces
that give rise to fluxes in the MCE instrument are
assumed to be small enough such that this formal-
ism is applicable. Given this assumption, and
denoting the solvent as speciesn, the equation for
J , the molar flux of speciesj in the solvent frames

j

of reference, can be written as

ny1 c M cj n jsJ s L X sJy J sJy v , (5)j j,k k j n j n8 M c Mj n jks1

where L is the phenomenological coefficientj,k

linking the transport of speciesj to X w15x, andk

X is the conjugate molar force ofJ w16x. (Ak k

conjugate force is assigned to each flux through
the systemw16x.) The sum is taken over all linearly
independent forcesw16x. Each conjugate molar

force is really a vector, whereU is
™™

X sy=U ,k k k

the total molar potential of solute speciesk. In the

MCE instrument, however, has no component
™
Xk

along they- or z-axis of the system, so thatX sk
(X ) can be used in place of the vector. There isk x

a total ofn conjugate molar forces, butX , that ofn

the solvent, has been expressed in terms of the
others in Eq. (5). The bulk fluid velocity is
described byv , the nonvector representation ofn

the velocity of the solvent flow through the system.
In the absence of any forces other than that
associated with solvent flux,X s0, andv sv ,k/n j n

from which it follows, in such cases, thatJ s(c yj j

M )v .j n

The phenomenological coefficients are functions
of system properties, such as temperature, pressure
and the concentrations of solutes, but are inde-
pendent of the magnitudes of any forces present,
provided that those forces are sufficiently small
w15x. The phenomenological coefficients pertaining
to coupled fluxes are theL terms for whichk/j.j,k

By a statistical mechanical treatment of microscop-
ically reversible processes, which assumes the
absence of magnetic fields or Coriolis forces in
the system, Onsager showed that these cross terms

are symmetric, so that the reciprocal relations are
L sL for all j and k w6,7,14x. Denoting anyj,k k,j

magnetic fields or Coriolis forces byG, the most
general expression of the reciprocal relations is
L (G)sL (yG), where L (G) is L in thej,k k,j j,k j,k

presence ofG, andL (yG) is L in the presencek,j k,j

of yG w7x. In the MCE instrument,G is negligible.
A large body of experimental evidence suggests
that the applicability of Onsager’s reciprocal rela-
tions is broader than that might be expected, given
that their theoretical basis deals only with pro-
cesses that are close to equilibriumw16x.
The dissipation function,

n r ny1
rFs J Xq J A s J XqJ Xj j g g j j n n8 8 8

js1 gs1 js1
r

rq J Ag g8
gs1

ny1 r
s rs J Xq J A , (6)j j g g8 8

js1 gs1

measures the local rate of free energy dissipation
per unit volumew16x. This equation is used to
determine the proper fluxes and forces to include
in Eq. (5). In the MCE instrument, all significant
fluxes are either those of particles or those of
chemical reactions. The summation indexed byj
gives the contribution of particle fluxes toF. The
summation indexed byg gives the contribution of
independent chemical reaction fluxes toF. Each
term in that summation is the product of the molar
reaction flux, J , of reactiong, times the molarr

g

affinity, A , of reactiong.g

The total number of all possible fluxes isnqr,
where n is the number of possible molar fluxes,
and r(ny1 is the number of independent chem-
ical reaction fluxesw14x. The total number of all
possible forces is alsonqr. As J and A arer

g g

scalars, their tensorial order is 0. AsJ andX arej j

really vectors, their tensorial order is 1. Given that
reaction fluxes are not expected to produce molar
fluxes when the system is isotropic, it is assumed
that the Curie–Prigogine principlew14,16x applies
in the MCE system, with some possible exceptions
that are discussed in Section 3.1.1. Accordingly,
there is assumed to be no coupling between fluxes
and forces of different tensorial order, with the
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result that no phenomenological coefficients link
the molar affinities of any chemical reactions to
the molar flux of speciesj in Eq. (5).
Without the r molar affinities to contend with

in Eq. (5), there remainn conjugate molar forces,
one of which may be expressed in terms of the
others, so that onlyny1 linearly independent
forces appear in Eq.(5). The Gibbs–Duhem rela-
tion is used to expressX in terms of the othern

conjugate molar forces, each of which is associated
with one solute species.
It is assumed that the system develops gradients

in the electric potential and chemical potentials
only, and that these gradients are non-zero only in

the direction of the x-axis. Thus,
™
X syk

wherem is the chemical potential
™ ™

Fz =Cy=m ,k k k

of speciesk. To write X , (≠Cy≠x) can be usedk t,y,z

in place of and as has no component
™ ™
=C, =mk

along they- or z-axis, (≠m y≠x) can be used ink t,y,z

its place, where(≠m y≠x) s(=m ) . Further-k t,y,z k x

more, as system properties do not vary withy or
z in the system,y and z do not need to be held
constant in the derivatives, so that(≠m y≠x) sk t,y,z

(≠m y≠x) and(≠Cy≠x) s(≠Cy≠x) . Thus,X sk t t,y,z t k

yFz (≠Cy≠x)y(≠m y≠x) .k t k t

Eqs.(1) and (5) can be combined to obtain an
expression forL . If X s0, J sL X s(c yj,j k/j j j,j j j

M )v . As X sN f v in the absence of the transportj j j A j j

of other species,

cjL s . (7)j,j M f Nj j A

The hydrodynamic frictional coefficient,f , is thatj

which applies to speciesj in the absence of the
transport of other speciesw15x. Nevertheless,f isj

dependent on solute concentrations and other sys-
tem propertiesw15x, and can thus be viewed as
affected by hydrodynamic nonideality. Even when
the solvent(typically water) is not treated explic-
itly as a species, it is treated implicitly through the
hydrodynamic frictional coefficients of the solutes.
Solving Eq.(5) for J in terms of the sum overj

k and the solvent flux, separating the terms for
speciesj from the rest of the terms in the sum
over k, using Eq. (7) to substitute forL , andj,j

substituting yFz (≠Cy≠x)y(≠m y≠x) for X ,j t j t j

gives the molar flux of speciesj as

B B E B E Ec Fz ≠C 1 ≠mj j jC C F C F FJsy qj
D D G D G GM N f ≠x N f ≠xj A j t A j t

cjq L X q v . (8)j,k k n8 Mjk/j

The sum excludes speciesj andn, but includes all
other species.
The chemical potential of speciesj is a function

not only ofc , but also of the absolute temperature,j

T, the pressure,P, and the concentrations of all
other solute species. The gradient in the chemical
potential of speciesj can be written, then, as

B E B E B E≠m ≠m ≠Tj jC F C F C Fs
D G D G D G≠x ≠T ≠xt t,P,c t

B E B E≠m ≠PjC F C Fq
D G D G≠P ≠xt,T,c t

ny1B E B E≠m ≠cj qC F C Fq , (9)8
D G D G≠c ≠xq t,T,P,c ti/qqs1

where the subscriptc means that the concentrations
of all species are held constant. As(≠Ty≠x)s0,t

(≠m y≠T) (≠Ty≠x)s0.j t,P,c t

For the second term on the right-hand side of
Eq. (9), a standard thermodynamic relation yields

where is the partial spe-¯ ¯(≠m y≠P) s(M y ), yj t,T,c j j j

cific volume of the system(the solution) with
respect to speciesj. If the solution can be consid-
ered an incompressible fluid, and any fluid flow
through the system can be treated as steady and
nonviscous, then the flow is described by Ber-
noulli’s equation, which can be written asPs
P qr(g(xyx )qv y2), where g is the2
0 0 n

gravitational acceleration, andP is the reference0

pressure at the reference positionx when v s0.0 n

(The choice ofx is arbitrary, and it is usually0

assigned a value of zero. The position of the upper
membrane is the uppermost possible position of
x .) As J and c are nearly invariant withx, and0 n n

A is invariant with x, (≠v y≠x) is either zero orn t

negligible throughout the system. Furthermore, as
r is dominated by the solvent density,(≠ry≠x) ist

expected to be negligible throughout the system.
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Finally, due to the short length of the system,(≠gy
≠x) is essentially zero throughout the system. Tot

a close approximation, then,(≠Py≠x)srg, so thatt

While this may¯(≠m y≠P) (≠Py≠x)sM y rg.j t,T,c t j j

appear to be significant, a comparison of this term
with its counterpart in sedimentation shows that,
due to the small change in height from one end of
the cuvette to the other, is too small to¯M y rgj j

have a detectable effect on any concentration
gradient in speciesj in the MCE system unless

exceeds approximately 10 gymol. (The7¯M y rj j

typical cuvette height is 0.4 cm.) As a result,
(≠m y≠P) (≠Py≠x) generally makes no discern-j t,T,c t

able contribution to(≠m y≠x) , and is treated asj t,y,z

equal to zero.
The third term on the right-hand side of Eq.(9)

is the sole, significant contributor to(≠m y≠x) .j t

This term can be made more tractable by repre-
senting the activity of speciesj as c g , whereg ,j j j

the activity coefficient of speciesj, is a function
of T, P and the concentrations of all of the solutes
w17x. In the limit as the total concentration of all
the solutes approaches zero, andT andP approach
their standard state values,g approaches 1w17x.j

As m sm qRT ln c g , whereR is the ideal gas0
j j j j

constant, andm , the standard state chemical0
j

potential of speciesj, is a constant, (≠m yj
≠c ) sRT(≠ ln c g y≠c ) . Withq t,T,P,c j j q t,T,P,ci/q i/q

(≠ ln c y≠c ) s1yc for qsj, and (≠ ln c yj q t,T,P,c j ji/q

≠c ) s0 for all q/j,q t,T,P,ci/q

ny1B E B E≠m ≠cj qC F C F8
D G D G≠c ≠xq t,T,P,c ti/qqs1

B E B≠ ln cjC FsRT 1C
D G≠x Dt

ny1B E B E E≠ ln g ≠cj qC F C Fqc . (10)Fj8
D G D G≠c ≠c Gq t,T,P,c j ti/qqs1

Analogous expressions can be written for each
(≠m y≠x) , wherek/j.k t

The diffusion coefficient,D , is the coefficientj,k

of (1yM )(≠c y≠x) that makesD (1yM )(≠c yk k t j,k k k

≠x) equal toL (≠m y≠x) w12,16x. Thus,t j,k k t

BL RTMj,k kD s 1Cj,k c Dk

ny1B E B E E≠ ln g ≠ck qC F C Fqc Fk8
D G D G≠c ≠c Gq t,T,P,c k tk/qqs1

L RTMj,k k
' J , (11)j,kck

whereJ describes the contribution that speciesj,k

k makes to the thermodynamic nonideality of the
system w18x. For ksj, Eqs. (7) and (11) give
D s(k Ty f )J , wherek is the Boltzmann con-j,j B j j,j B

stant. Thus,D is directly proportional toJ . Inj,j j,j

addition,D is inversely proportional to the effectj,j

of hydrodynamic nonideality onf w15x.j

Defining the electrophoretic mobility coeffi-
cient,u , asj,k

L Fz Mj,k k ku s , (12)j,k
√ck

gives u sFz yN f √. Replacing all remainingj,j j A j

X with yFz (≠Cy≠x)y(≠m y≠x) , using Eq.(3)k k t k t

to replace(≠Cy≠x) with yEy√, using Eq.(11)t

to substitute for allL (≠m y≠x) , employing Eq.j,k k t

(12), and rearranging, Eq.(8) becomes

B B E Ec ≠ ln c cj j kC C F FJs u EyD qv qj j,j j,j n 8
D D G GM ≠x Mj t kk/j

B B E E≠ ln ckC C F F= u EyD . (13)j,k j,k
D D G G≠x t

2.3. The diminished valence and apparent electro-
phoretic mobility

Defining the diminished valencew4x of species
j as

√f N M f Nj A j j AUz szq v q L z , (14)j j n j,k k8EF cj k/j

and defining the apparent diffusion coefficient of
speciesj as

B ED ≠cj,k kU C FD sD qM , (15)j j,j j8
D GM ≠ck j tk/j
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results in

UB B E Ec Fz E ≠ ln cj j jUC C F FJs yD . (16)j j
D D G GM N f√ ≠xj A j t

As can be seen from substitution ofD* with itsj

full expression given by Eq.(15), D* (≠ ln c yj j

≠x) may not be zero when(≠ ln c y≠x) is zero ift j t

concentration gradients in species other thanj are
present. Similarly, as shown by substitutingz* j

with its full expression given by Eq.(14), Fz* Eyj

N f √ will be zero whenE is zero only if, in theA j

limit as E approaches zero,v approaches zero.n

The latter substitution also shows that, due to the
third term on the right-hand side of Eq.(14), for
NEN)0, z* need not be zero even whenz andvj j n

are zero.
The diminished valence might be viewed as

something akin to the buoyant molar mass in
analytical centrifugation. The buoyant molar mass
is a natural variable obtained from the analysis of
equilibrium sedimentation data, and is strongly
dependent on the properties of the system, in that
it represents a molecular parameter,M , multipliedj

by a system factor, Similarly,z* is not¯(1yy r).j j

strictly a molecular parameter, as it is strongly
influenced by various system properties. Addition-
ally, z* is strongly influenced by fluxes throughj

the system.
The expectation thatNz* N-Nz N, at least in thej j

case ofv s0, givesz* its name. Two effects tendn j

to makeNz* N less thanNz N. One, variously referredj j

to as the electrophoretic effect, electrophoretic
friction, or coupled ion flows, results from the
fluxes of species other thanj w13,15,19x. In partic-
ular, momentum transfer to the solvent from coun-
terion fluxes, which are typically opposite in
direction from the central ion flux, are expected to
produce solvent flows opposing the electrophoretic
transport of the central ion.(The central ion is
taken here to be a particle of speciesj, and a
counterion is thus any speciesk for which z yk

Nz Nsyz yNz N.) The other effect, typically calledk j j

the asymmetry effect or the ion relaxation effect,
results from the accumulation of an excess of
counterions in the wake of the central ion
w12,13,19x. This asymmetric counterion distribu-
tion about the central ion results in a local polari-

zation, which creates an induced electric field. Due
to the orientation of the polarization, the induced
electric field is opposite in direction toE, and thus
opposes the electrophoretic transport of the central
ion.
The first term on the right-hand side of Eq.(14)

is the valence,z , and as such, is an electrostaticj

term. The second term on the right-hand side of
Eq. (14) is a hydrodynamic term consisting of the
contribution of solvent flow toz* . The sign ofj

this hydrodynamic term is determined byv yE.n

The last term on the right-hand side of Eq.(14)
is an electrohydrodynamic term that sums the
contributions of electrophoretic fluxes in species
other thanj or the solvent toz* . This electrohy-j

drodynamic term accounts for the electrophoretic
and asymmetry effects, and is therefore expected
to be opposite in sign from, but lower in magnitude
than z .j
The apparent electrophoretic mobility,u* , isj

equal toFz* yN f √, and thus has the same signj A j

asz* . ReplacingFz* yN f √ with u* in Eq. (16)j j A j j

gives

B B E Ec ≠ ln cj jU UC C F FJs u EyD . (17)j j j
D D G GM ≠xj t

This equation shows that the molar flux of species
j, in the absence of concentration gradients, is
equal to(c yM )u* E.j j j

Using Eq. (17) to substitute forJ in Eq. (4),j

and solving the resulting equation forE gives

UB EAF z D ≠cj j jC Fiq 8
D GQ M ≠xj tj

Es , (18)UAF z c uj j j
8Q Mjj

provided thatE is everywhere perpendicular toA,
and does not vary acrossA. The denominator is
equal toAk w19x, so that Eq.(18) can be written
as

UB EF z D ≠cj j jC F8
D GQ M ≠xji tj

Es q . (19)
Ak k

This equation holds even ifk varies withx.
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As A is fixed andi can be held constant,E can
be controlled to some extent by controllingk. As
k is a function ofG, k can be controlled to the
extent thatG can be controlled. In general,k
increases asG increases, butk is not linearly
proportional toG w19x. For example, in a suffi-
ciently dilute, aqueous solution of a uni-univalent
salt at a fixed temperature,k can be estimated by
ksq Gyq G , which is a rearrangement of the3y2

1 2

Onsager equation. The coefficientsq and q can1 2

be calculatedw19x, or can be obtained by fitting
experimentally determined conductivity data. As
dkydGsq y3q (G )y2, dkydG is diminished1y2

1 2

from q by 3q (G )y2. The source of this dimi-1y2
1 2

nution is thought to be an increase in flow effects,
and thus a decrease in the apparent electrophoretic
mobility of each ion, asG increases.
In some instances,G may vary with x and t,

resulting in variations ofk and E with x and t.
Neglecting the second term on the right-hand side
of Eq. (19), this can be estimated byEsE k yk,0 0

wherek is a function ofx and t, such thatk sk0

at x and some reference time. For steady-state0

experiments, infinite time,t , is a practical refer-`

ence time, in which case, atxsx and tst , Es0 `

E . (When the system is at steady state, the time0

elapsed since the start of the experiment can be
considered to bet .) For moving boundary exper-`

iments, the time at which current flow is started,
t s0, is the most practical reference time, in which0

case, atxsx and tst , EsE . In either case,0 0 0

E fiyAk . In the simplest systems,G is not0 0

expected to vary significantly withx or t, with the
result that, for all practical purposes,kfk , and0

EfE , at all x and all t.0

Along gradients inG, liquid junction(diffusion)
potentials, can arise from local polarizationw19x.
The development of diffusion potentials would
causeE to vary with x and t. In the case of a uni-
univalent electrolyte for which the cation and anion
have closely matched transference numbers,v of
the cation is approximately equal toyv of the
anion. (Representing the transference number of
current-carrying speciesj by t , v sit M Qyj j j j

FAz c w19x.) For such an electrolyte, little, if any,j j

polarization is expected to occur in the system
w19x. Also, for any electrolyte, such polarization is
minimized if the system is designed so that gra-

dients in the mean ionic activity(the geometric
mean of the individual ion activities) are negligible
w19x.

2.4. Reduced molecular charge

In analogy with the reduced molecular mass of
equilibrium sedimentationw20x, a reduced molec-
ular charge may be defined for electrophoresis.
Just as the reduced molecular mass is a natural
parameter associated with the analysis of equilib-
rium sedimentation data, the reduced molecular
charge is a natural parameter associated with the
analysis of steady-state MCE data. The reduced
molecular mass, however, is a flow-independent
parameter. In contrast, the reduced molecular
charge is a flow-dependent parameter. Neverthe-
less, a flow-independent term can be identified
within the reduced molecular charge.
The reduced molecular charge,w , is defined byj

w sFEz* yRT√. The sign ofw is determined byj j j

Ez* . The three parts ofw are equal toFEyRT√j j

times the three parts ofz* , givingj

FE f M f FEj j jws zq v q L z . (20)j j n j,k k8RT√ k T c k T√B j B k/j

Each term on the right-hand side is analogous to
its counterpart in Eq.(14). Thus, the first term on
the right-hand side,FEz yRT√, is an electrostaticj

term equal to the flow-independent reduced molec-
ular charge,W , the sign of which is determinedj

by Ez . The second term on the right-hand side isj

a hydrodynamic term resulting from the contribu-
tion of solvent flow tow . The sign of the hydro-j

dynamic term is determined byv . The last termn

on the right-hand side is an electrohydrodynamic
term that is expected to be opposite in sign from,
but lower in magnitude thanW . Choosing anj

experimental design that ensures no significant
variation inG with x can minimize the variation
of z* , and thusw , with x.j j

Solvent flux is expected to occur in certain
systems, such as one in which the membrane-
permeant electrolyte is uni-univalent and consists
of a cation and anion with matched transference
numbers but different degrees of solvationw19x.
Charge-neutral, membrane-confined species can be
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used to measure bulk fluid velocities of any sig-
nificance w21x. Once measured,v can be incor-n

porated into the data analysisw21x. Experiments
have shown that for KCl, at the magnitudes of the
currents used in MCE,v is negligible in then

absence of an externally applied pressure gradient
across the systemw21x. (KCl is a uni-univalent,
current-carrying electrolyte with relatively closely
matched transference numbers.) Thus, with a judi-
cious choice of electrolyte,v can be renderedn

negligible, in which case, typically,z* will havej

the same sign asz , and w will have the samej j

sign asW .j
Using Eq.(20), Eq. (16) can be written as

B B E Ec k T ≠ ln cj B jUC C F FJs wyD . (21)j j j
D D G GM f ≠xj j t

Comparison with Eq.(17) shows that (k TyB

f )w su* E. The advantage ofw over u* is thatj j j j j

f must be known to calculatez* from u* , whilej j j

z* can be obtained fromw even if f is unknown.j j j

The mass flux of speciesj is

B B E Ek T ≠ ln cB jUC C F FIsc wyD . (22)j j j j
D D G Gf ≠xj t

Thus, I sM J . Each mass flux is really a vector,j j j

Like however, has no component along
™ ™ ™
I . J , Ij j j

the y- or z-axis of the system, so thatI s(I ) canj j x

be used in place of the vector. Eq.(22) is used to
write the mass conservation laww14x (continuity
equation) that is needed to develop the equations
for the finite element simulation program described
in Section 3.3.

2.5. Multiple membrane-confined species

The presence of multiple membrane-confined
species may result from mass–action association,
in which different membrane-confined species con-
stitute a single component. Alternatively, different
membrane-confined species may be separate com-
ponents. In either case, the different membrane-
confined species will tend to differ with respect to
w, f or D*.

The total molar flux,J, is the sum of all the
individual molar fluxes, and the total mass flux,I,
is equal to the sum of all the individual mass
fluxes. These total fluxes include the fluxes of
both membrane-confined and membrane-permeant
species. It is often useful to sum only the fluxes
of membrane-permeant species, because
membrane-permeant species usually do not con-
tribute to the data acquired in MCE experiments.
Nevertheless, the parameterw of each membrane-
confined species must implicitly incorporate the
effects of the fluxes of membrane-permeant species
on that parameter. Furthermore, the parametersw,
f andD* of each membrane-confined species must
implicitly incorporate the effects of the concentra-
tions of membrane-permeant species on those
parameters.
Using Eq. (21), and indexing all membrane-

permeant species byh, J , the total molar flux ofmc

membrane-confined species, is

B B E Ec k T ≠ ln cj B jUC C F FJ s wyD . (23)mc j j8
D D G GM f ≠xj j tj/h

The summation is fromjs1 to jsm, wherem is
the number of membrane-confined species. Con-
sequently,h)m for all h.
Because mass, rather than the number of moles,

is conserved in all interacting systems, it is more
convenient to work with mass flux, rather than
molar flux. Using Eq.(22), I , the total massmc

flux of membrane-confined species, is

B B E Ek T ≠ ln cB jUC C F FI s c wyD . (24)mc j j j8
D D G Gf ≠xj tj/h

The advantage of working withI instead ofJmc mc

is most apparent when considering systems at
steady state. This is because mass conservation
ensures thatI s0 at all x in all systems at steadymc

state. In contrast, molarity may not be conserved
in reacting systems, with the result thatJ s0 atmc

all x only in special cases of systems at steady
state.
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3. Applications

3.1. Steady-state MCE

3.1.1. Characteristics of the system at steady state
At steady state, though mass may flow through

the system, concentration cannot change with time
anywhere in the system. As a result, for each
membrane-permeant species, dI ydxs0 at all x ath

steady state. Eqs.(21) and (22) show that if dI yh

dxs0, dJ ydxs0, and Eq.(4) shows that if dJ yh h

dxs0, di ydxs0. Consequently, dJ ydxs0 andh h

di ydxs0 everywhere for each membrane-perme-h

ant species at steady state.
If, in addition to I being zero,J s0 at all xmc mc

at steady state, then eachI , J , v and i will bej j j j

zero everywhere. If membrane-confined species
self-associate, or associate with other species, how-
ever, J may not be zero everywhere at steadymc

state, with the result that individual values ofI ,j
J , v and i may be non-zero and may vary withj j j

x. Nevertheless, the net contribution ofJ to imc

must be zero everywhere at steady state. Other-
wise, with current conservation makingi invariant
with x, the net contribution of the molar flux of
the membrane-permeant species toi would have
to vary withx at steady state, which is not possible,
given that di ydx must be zero everywhere forh

each membrane-permeant species. The only pos-
sible exception would be ifJ /0, but dJ ydxsmc mc

0, at steady state, which would permit each di yh

dx to be zero throughout the system, while allow-
ing some of the current to be carried by
membrane-confined species. As current conserva-
tion would requirei in the system to be differenth

from i outside the system in this case, makingh

di ydx non-zero at the boundaries, it is unlikelyh

that a stable, steady state condition of this sort
could be established.
Suppose, for example, that in the chemical

reaction aAqbB~A B , two different mem-a b

brane-confined species, A and B, associate to form
the membrane-confined species A B . Unless thea b

reduced molecular charge scales with stoichiome-
try, which in this example would mean thataw qA
bw sw , J will not be zero at allx at steadyB AaBb mc

state. Nevertheless, valence must scale with stoi-
chiometry, which in this same example means that

az qbz sz . Applying Eq.(4) to this exam-A B AaBb

ple, conservation of current will require that
(z J qz J qz J )AFyQs0 at all x atA A B B AaBb AaBb

steady state. This does not necessarily mean that
J qJ qJ s0 at all x at steady state. It doesA B AaBb

mean that, for some systems, some or all molar
fluxes of membrane-confined species might differ
from what they would be if unconstrained by the
requirement of current conservation. Such adjust-
ments of the system could be considered an elec-
trohydrodynamic imposition of nonideality, and
might alter chemical equilibria, in addition to
affecting the molar fluxes of membrane-confined
species.
If membrane-confined species associate with

membrane-permeant species, current conservation
again requires that the net contribution of the
molar flux of the membrane-confined species toi
will be zero everywhere at steady state. Modifying
the previous example, suppose the chemical reac-
tion is aAqbBqxX ~A B X , where A, B"z

a b x

and A B X are membrane-confined species,a b x

while X is a membrane-permeant ion of valence
z s"z. Conservation of current will requireX

that, at steady state,(z J qz J qz J qA A B B X X

z J )AFyQsz J AFyQ at all x.AaBbXx AaBbXx X X

Again, for some systems, chemical equilibria and
the molar fluxes of membrane-confined species
might be affected by the requirement of current
conservation. Put another way, the constraint of
current conservation will result in molar fluxes
and reaction fluxes becoming coupled in a steady-
state system unless the requirement that the net
contribution ofJ to i be zero everywhere can bemc

met in the absence of such coupling.
For neutral, membrane-permeant species, such

as the typical solvent, H O, dI ydxs0 at all x at2 h

steady state. Whether or notI is zero at steadyh

state depends on the nature of the system. If there
is solvent flux through the system, the mass flux
of the solvent will be non-zero and invariant with
x at steady state.
In addition to current conservation, there is the

constraint of charge neutrality throughout all MCE
systems. To maintain charge neutrality, with
charged, membrane-confined species present in the
system, the molar concentration of membrane-
permeant cations will generally differ from that of
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membrane-permeant anions. Also, the presence of
concentration gradients in charged, membrane-
confined species, together with the requirement of
charge neutrality, will cause concentration gradi-
ents in membrane-permeant ions. Nevertheless, the
current, and thus the molar flux, of each
membrane-permeant ion will be invariant withx
at steady state. To maintain both constant molar
flux and charge neutrality, the velocities of
membrane-permeant ions must vary withx at
steady state if concentration gradients exist in
charged, membrane-confined species.
Applying Eq. (24) to the membrane-confined

species at steady state, for whichI s0, andmc

dividing both sides of the equation byk T, resultsB

in

UB Ec f D d ln cj j j jC Fwy s0, (25)j8
D Gf k T dxj Bj/h

where an ordinary derivative has replaced the
partial derivative because the gradient in the log-
arithm of eachc is time-independent at steadyj

state. The apparent thermodynamic nonideality is
given by f D* yk T.j j B

3.1.2. Apparent nonideality at steady state
Carefully chosen assumptions about nonideality

have yielded useful equations for a number of
methods, including sedimentationw20,22x and
MCE w4x. Two assumptions regarding nonideal
behavior at steady state are made here to obtain,
at least for some types of systems, relatively
simple, analytical solutions of Eq.(25). First, the
apparent thermodynamic nonideality is assumed to
be adequately described by a virial expansion of
f D* yk T,j j B

U k`f D kq1 dcj j mcs1qM c B , (26)j j k8k T k dcB jks1

where c , the total concentration of membrane-mc

confined species, is

c s c , (27)mc j8
j/h

and whereB is the second virial coefficient of1

the apparent thermodynamic nonideality of the
system,B is the third virial coefficient, and so2

on. Second, the effects of electrohydrodynamic
nonideality onw are assumed to be adequatelyj

described by a virial expansion ofw ,j

k` kq1 dcmc0wsw qM b . (28)j j j k8 k dxks1

where b is the second virial coefficient of the1

electrohydrodynamic nonideality of the system,
b is the third virial coefficient, and so on.2

Substitution of Eqs.(26) and(28) into Eq.(25)
results in

B Ec d ln cj jU0C Fw yJ s0. (29)j j8
D Gf dxjj/h

where

k` kq1 dcmcU UJ s1qM c B (30)j j j k8 k dcjks1

is the contribution of speciesj to the apparent
nonideality of the system,w is the reduced0

j

molecular charge of speciesj in the limit as cmc

approaches zero, andB* sB qb is the (kq1)thk k k

virial coefficient of the apparent nonideality of the
system. The series in the summation can be ter-
minated prior toksq by setting allB* s0.k) qy1( )

The use of Eq.(30) results in the apparent noni-
deality being treated in the same way as thermo-
dynamic nonideality is treated in NONLIN, the
nonlinear least-squares analysis program that is
widely used to analyze equilibrium sedimentation
dataw20x. Eq. (30) must account for any variation
of w and f D* yk T with x, including any suchj j j B

variation that might result from the coupling of
reaction fluxes and molar fluxes at steady state.
Furthermore, if f is treated as a constant in Eq.j

(29), then any variation in that parameter withx
must be accounted for by Eq.(30).

3.1.3. Nonassociating systems when J s0 atmc

steady state
For nonassociating, membrane-confined species,

when I s0, J s0. In general, at steady state,mc mc



65T.P. Moody, H.K. Shepard / Biophysical Chemistry 108 (2004) 51–76

both I and J will be zero only when eachImc mc j

and eachJ is zero. In such cases, each term inj

the summations of Eqs.(23) and (24), and thus
each term in the summation of Eq.(29), equals
zero. An individual term in Eq.(29), then, reduces
to

d ln cjU0w yJ s0. (31)j j dx

This equation can be solved by integration with
respect tox,

x cj
0w dxs d ln cj j| |

x c0 0j

k` cmckq1 U kqM B dc , (32)j k mc|8
kk c0ks1 mc

where use has been made ofc (dc ydc )(d ln c yk
j mc j j

dx)sdc ydx. Solving Eq.(32) for c producesk
mc j

` kq1
U0 k kw xyx yM B c ycŽ . Ž .k mc 0j 0 j8 mckks1csc e , (33)j 0j

wherec is c at x andc is c at x . Using0 j 0 0 mc 0j mc

` kq1
U kM B ck 0j8 mcU kks1a sc e (34)0 0j j

to represent the apparent activity of speciesj at
x yields0

` kq1
U0 kw xyx yM B cŽ . k mcj 0 j8U kks1csa e . (35)j 0j

Application of Eq.(27) gives the total concentra-
tion of all nonassociating, membrane-confined
species,

` kq1
U0 kw xyx yM B cŽ . k mcj 0 j8U kks1c s a e . (36)mc 0j8

j/h

In this equation, and in the following equations
for which c is the sole concentration variable,mc

optical density measurements of the sort described

in Section 1.1 can replacec if the ratio of themc

molar extinction coefficient to the molar mass is
the same for each membrane-confined species.

3.1.4. Self-associating systems when J s0 atmc

steady state
At steady state, Eqs.(35) and (36) also apply

to systems in which membrane-confined species
self-associate, and to systems in which different
membrane-confined species associate with each
other, provided that the reduced molecular charge
scales with stoichiometry. In such cases,J s0mc

when I s0.mc

For self-associating systems in which the kinet-
ics of the reaction are fast enough to ensure
chemical equilibrium at allx at steady state,

jc s K c , (37)mc j 18
j/h

applies. IfJ s0 whenI s0 in such systems atmc mc

steady state, Eq.(37) permits the total concentra-
tion of a component comprising self-associating,
membrane-confined species to be written as

` jkq1w z
U0 kw xyx yM B cŽ . k mc1 0 18x |U kks1c s K a e , (38)y ~mc j 018

j/h

whereK is the equilibrium constant(see relevantj

footnote in Section 5) for the reaction linking the
monomer with thej-mer, c is the concentration1

of the monomer,w is the reduced molecular0
1

charge of the monomer in the limit ascmc

approaches zero,M is the molar mass of the1

monomer, anda* is the apparent activity of the01

monomer atx . The reduced molecular charge of0

the j-mer in the limit asc approaches zero ismc

jw , the molar mass of thej-mer is jM , and the0
1 1

apparent activity of thej-mer at x is K (a* ) .j0 j 01

For js1, K s1. The highest order polymer is the1

m-mer. The reaction describingm-mer formation
is mA~A , where A is the monomer. If nom

polymer of orderH is formed, where 1-H-m,
then K s0. Eq. (38) is the MCE equivalent ofH

the equation on which the analysis of equilibrium
sedimentation data by NONLIN is basedw20x.
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3.1.5. Hetero-associating systems when J s0 atmc

steady state
For hetero-associating systems in which two

different membrane-confined species associate
with each other, and where the kinetics of the
reaction are fast enough to ensure chemical equi-
librium at all x at steady state,

a bj jc s K c c (39)mc j 1 28
j/h

applies. IfJ s0 whenI s0 in such systems atmc mc

steady state, Eq.(39) permits the total concentra-
tion of a component comprising hetero-associating,
membrane-confined species to be written as

` kq1
U0 0 kaw qb w xyx yaM qbM B cŽ .Ž . Ž . k mcj 1 j 2 0 j 1 j 2 8U U kks1c s K a a a b e ,mc j 0 0j j1 28

j/h

(40)

whereK is the equilibrium constant for the reac-j

tion linking monomer 1 and monomer 2 with
heteropolymerj, c is the concentration of mono-1

mer 1, c is the concentration of monomer 2,2

a* is the apparent activity of monomer 1 atx ,0 01

a* is the apparent activity of monomer 2 atx ,0 02

M is the molar mass of monomer 1,M is the1 2

molar mass of monomer 2,w is the reduced0
1

molecular charge of monomer 1 in the limit as
c approaches zero,w is the reduced molecular0
mc 2

charge of monomer 2 in the limit asc approachesmc

zero, a is the stoichiometry of monomer 1 inj

heteropolymerj and b is the stoichiometry ofj

monomer 2 in heteropolymerj. The reduced
molecular charge of heteropolymerj in the limit
as c approaches zero isa w qb w , the molar0 0

mc j 1 j 2

mass of heteropolymerj is a M qb M , and thej 1 j 2

apparent activity of heteropolymerj at x is0

K (a* ) (a* ) . For js1 andjs2, K s1, whileaj bj
j 0 0 j1 2

a s1, b s0, a s0 andb s1. The highest order1 1 2 2

heteropolymer ism, and applies to the reaction
a Aqb B°A B , where A is monomer 1 andm m am bm

B is monomer 2. If no heteropolymer of orderH
is formed, where 2-H-m, thenK s0.H

For steady-state systems in which membrane-
confined species self-associate, or steady-state sys-
tems in which different membrane-confined

species associate with each other, Eqs.(35) and
(36) are inapplicable if reduced molecular charge
does not scale with stoichiometry. In such cases,
J /0 when I s0, and resort must be made tomc mc

Eq. (29), instead.

3.1.6. Self-associating systems when J /0 atmc

steady state
Eq. (29) can be applied to a two-species, self-

associating system, such asjA~A , with reactionj

kinetics that are fast enough to ensure chemical
equilibrium, described by Eq.(37), at all x at
steady state. The result, in terms of the gradient in
the logarithm of the monomer concentration when
I s0 but J /0, ismc mc

jy1d ln c fqf YjK c1 j 1 j 1 0s w , (41)1U Ujy1dx fJ qf jK c Jj 1 1 j 1 j

wherec is the concentration of the monomer, A;1

w is the reduced molecular charge of A in the0
1

limit as c approaches zero;Y is a dimensionlessmc

coefficient that would be equal to 1 if the reduced
molecular charge scaled with stoichiometry;
Yjw sw is the reduced molecular charge of the0 0

1 j

j-mer, A , in the limit asc approaches zero;fj mc 1

is the frictional coefficient of A; andf is thej

frictional coefficient of A . The equilibrium con-j

stant isK sc yc . Thus,j
j j 1

k kdc dcmc mcM c sM c1 1 j jdc dc1 j

ky1j jy1B E B Esk K c jK c . (42)j 1 j 1C F C F8 8
D G D Gj/h j/h

Eq. (42) shows thatJ* sJ* . As with the pre-1 j

vious self-association problem,K s1, the highest1

order polymer is them-mer, and if no polymer of
orderH is formed, where 1-H-m, thenK s0.H

If B* s0 for all k, and if the frictional coeffi-k

cients can be considered independent ofx, Eq.
(41) can be integrated with respect tox and solved
for c , and Eq.(37) used to obtain1

jYy1B Ejy1w zfqf YjK c 0j 1 j 1 Y( jy1) w xyxŽ .1 0C Fc s K c e .x |mc j 018 jy1
D Gfqf YjK cy ~j 1 j 01j/h

(43)
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Analytic solutions that do not assumeB* s0 fork

all k exist, but are unwieldy.
When Ys1, Eq. (43) is equal to Eq.(38) for

the case ofB* s0 for all k. Furthermore, givenk

that J* sJ* , when Ys1, Eq. (41) reduces to1 j

(d ln c ydx)J* sw , the solution of which yields0
1 1 1

Eq. (38). This shows that Eq.(38) can be obtained
either by assuming thatJ s0 whenI s0, whichmc mc

permits the use of Eq.(31) as a starting point; or
by making no assumptions aboutJ when I smc mc

0, thus requiring the use of Eq.(29) as a starting
point, but assuming that reduced molecular charge
scales with stoichiometry, which in this case means
that jw sw .0 0

1 j

3.1.7. Hetero-associating systems when J /0 atmc

steady state
Eq. (29) can also be applied to a three-species,

hetero-associating system, such asaAq
bB~A B , with reaction kinetics that are fasta b

enough to ensure chemical equilibrium, described
by Eq. (39), at all x at steady state. The result, in
terms of the gradient in the logarithm of the
concentration of monomer 1 whenI s0 butmc

J /0, ismc

d ln c1s
dx

ay1 b 0 a by1 0f qf Kc c aY f c w q f qf Kc c bY f c wŽ . Ž .3 1 1 2 2 1 1 3 2 1 2 1 2 2

U Uay1 bf J qf Kc c aJ f cŽ .3 1 1 1 2 3 2 1

d ln c2U Ua by1f J qf Kc c bJ f cŽ .3 2 2 1 2 3 1 2 dx
y , (44)U Uay1 bf J qf Kc c aJ f cŽ .3 1 1 1 2 3 2 1

wherec is the concentration of monomer 1, which1

is arbitrarily chosen to be A;c is the concentration2

of monomer 2, which is B by the process of
elimination;w is the reduced molecular charge of0

1

A in the limit as c approaches zero;w is the0
mc 2

reduced molecular charge of B in the limit ascmc

approaches zero;f is the frictional coefficient of1

A; and f is the frictional coefficient of B. The2

frictional coefficient of the heteropolymer, A B ,a b

is f ; the concentration of A B isc ; and the3 a b 3

reduced molecular charge of A B in the limit asa b

c approaches zero isw sY(aw qbw ), where0 0 0
mc 3 1 2

Y is a dimensionless coefficient that would be
equal to 1 if the reduced molecular charge scaled

with stoichiometry. The equilibrium constant is
Ksc yc c . For such a system,a b

3 1 2

kdcmc ky1a bsk c qc qKc cŽ .1 2 1 2dc1
B

ay1 bC= 1qaKc c1 2
D

Edc2a by1 Fw xq 1qbKc c . (45)1 2
Gdc1

Expressions in terms ofc and c can also be1 2

obtained for dc ydc and dc ydc .k k
mc 2 mc 3

Hidden in Eq.(40) is the assumption thatJ* s1
J* sJ* , which means thatJ* of monomer2 j)2

1,J* of monomer 2, andJ* of any heteropolymer
are all the same. With this and the additional
assumption that(d ln c ydx)J* sw whenYs1,0

2 2 2

Eq. (44) reduces to(d ln c ydx)J* sw . Apply-0
1 1 1

ing Eq. (39) to the case of(d ln c ydx)J* sw0
1 1 1

and (d ln c ydx)J* sw yields Eq. (40). This0
2 2 2

shows that Eq.(40) can result from two different
approaches: either assuming thatJ s0 whenmc

I s0, which permits the use of Eq.(31) as amc

starting point; or by starting with Eq.(29), making
no assumptions aboutJ when I s0, but assum-1 mc

ing both that J s0 when I s0, and that the2 mc

reduced molecular charge scales with stoichio-
metry.
If bs1, c can be expressed in terms ofc and2 1

c , the expression beingmc

c ycmc 1c s , (46)2 a1qKc1

so that

B
dc 1 dc2 mcCs

a
Ddx 1qKc dx1

ay1 Ew x1qK ac y(ay1)c cmc 1 1 dc1Fy (47)
a

G1qKc dx1
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and

B Ec ycmc 1ay1 0C Ff qf Kc aY f c w3 1 1 2 1 1aD G1qKc1
c ycmc 1a 0q f qf Kc Y f wŽ .3 2 1 1 2ad ln c1 1qKc1s

B Edx c ycmc 1U Uay1C Ff J qf Kc aJ f c3 1 1 1 3 2 1aD G1qKc1
U Uaf J qf Kc J fŽ .3 2 2 1 3 1

ay1B Ew x1qK ac y(ay1)c cmc 1 1dc dcmc 1C Fy
aD Gdx 1qKc dx1y . (48)

B Ec ycmc 1U Uay1 aC Ff J qf Kc aJ f c 1qKcŽ .3 1 1 1 3 2 1 1aD G1qKc1

As c includesc in it, and c cannot, in general,mc 2 2

be expressed in terms ofc , Eqs. (44) and (48)1

have no obvious solutions. Eq.(48) could poten-
tially be used directly to analyze data, however,
becausec is generally known, and the frictionalmc

coefficients are, at least in principle, measurable.
In systems wherec and c can be measured2 mc

independently, data could be analyzed using Eq.
(44) directly, given knowledge of the frictional
coefficients.

3.1.8. Binding of membrane-confined and
membrane-permeant species at steady state
Eq. (29) only includes the mass flux of

membrane-confined species, so it does not ade-
quately describe systems in which a membrane-
confined species associates with a membrane-
permeant ion. Some systems of this sort can be
treated as an apparent chemical equilibrium, how-
ever, so that Eq.(29) becomes applicable, provid-
ed that the reaction kinetics are fast enough to
ensure chemical equilibrium at allx at steady state.
For example, for a reaction such asaAq
xX ~A X , where A and A X are membrane-"z

a x a x

confined species, and X is a membrane-permeant
ion of valencez s"z, the equilibrium constantX

is

cA Xa xKs . (49)
a xc cA X

Provided that X freely permeates the membranes,
however, its concentration will vary little withx,

and the reaction can be treated as an apparent one,
aA~A* , where A and A* are membrane-a a

confined species, with A* being the apparenta

polymer. The equation for the apparent equilibrium
constant,K*, is

Uc c c2 A A XU a a xxK f s sKc s , (50)Xa a ac c c1 A A

where A is species 1 and A* is species 2. Thisa

equation is an approximation becauseK* is treated
as a constant, whilec yc is expected to varya

2 1

slightly with x, even if X freely permeates the
membranes.
For a02, K* can be used in place ofK, and

whichever of Eq.(38) or Eq. (43) is most appro-
priate can be used to describe the system. Foras
1, Eq.(29) leads to

Ud ln c f qf YK1 2 1 0s w , (51)1U U Udx f J qf K J2 1 1 2

wherew sYw . If J* can be treated as equal to0 0
2 1 2

J* , and the frictional coefficients can be consid-1

ered independent ofx, this equation can be solved
for c by integrating with respect tox. Applying1

the relationc s(1qK*)c to that solution resultsmc 1

in

U `f qf YK kq1B EB E2 1 U0 k
C Fw xyx yM 8 B cŽ .1 0 1 k mcC FUD GU U f qf K kks12 1D Gc s 1qK a e .Ž .mc 01

(52)

It is also possible to divideaAqxX °A X"z
a x

into two steps,aA~A and AaqxX °A X ."z
a a x

The second step can be treated as A~A *, fora a

whichK* is the apparent equilibrium constant. Eq.
(29) can then be applied to species A, A anda

A *, with the concentration of A * expressed asa a

K*c .Aa

Reactions such asaAqbBqxX °A B X ,"z
a b x

where A, B and A B X are membrane-confineda b x

species, while X is a membrane-permeant ion of
valencez s"z, can be divided into two steps,X

aAqbB°A B and A B qxX °A B X ."z
a b a b a b x

Treating the second step as A B~A B *, Eq.a b a b

(29) can then be applied to species A, B, A Ba b

and A B* , with K*, the apparent equilibriuma b

constant for the second step, used to express the
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Fig. 6. Simulation of steady-state experiment, d lncydx vs. x.
The system is the same as that in Fig. 5, but only the steady-
state concentration applies to this figure. Denoting A as species
1, B as species 2, A B as species 3, and A BX in the form of2 2

A B* as species 4, withas2, and withJ* sJ* sJ* s2 1 2 3

J* s1, Eqs.(53)–(59) apply to this system. The results of4

calculations using these equations with the known parameters,
plus c andc , are compared with the results from finite ele-mc 1

ment simulation. Results from finite element simulation:
d ln c ydx (�); d ln c ydx (%); d ln c ydx (m); d ln c ydx (d);1 2 3 4

d ln c ydx (j). Results from calculations: white(----),mc

d ln c ydx; white (ØØØØØ), d ln c ydx; white (n), d ln c ydx;1 2 3

black (ØØØØØ), d ln c ydx; white (——), d ln c ydxs4 mc

(c d ln c y1 1

dxqc d ln c ydxqc d ln c ydxqc d ln c ydx)yc , where,2 2 3 3 4 4 mc

using c s(c* yc )y(1qK c ), c sc* yc yc and c sa
2 mc 1 1 1 3 mc 1 2 4

c yc* .mc mc

concentration of A B* asK*c (Fig. 6),a b AaBb

provided, again, that the reaction kinetics are fast
enough to ensure chemical equilibrium at allx at
steady state.
The general description of the type of reaction

illustrated by Figs. 4–6 isaAqBqX ~A BX,y1
a

where A, B and A BX are membrane-confineda

species, while X is a membrane-permeant ion. The
reaction is divided into two steps:aAqB°A B,a

for which K is the equilibrium constant; and1

A BqX °A BX, for which K is the equilib-y1
a a 2

rium constant. Thus,K* sK c describes the2 2 X

equilibrium for the apparent reaction,
A B~A B*. Denoting A as species 1, B asa a

species 2, A B as species 3 and A BX in the forma a

of A B* as species 4, the equation for d lnc yd xa 1

in terms ofc andc is1 mc

UB Ec ycmc 1ay1 0C Ff qf K c aY f c w q3 1 1 1 p 2 1 1aD G1qK c1 1
Uc ycmc 1a 0f qf K c Y f wŽ .3 2 1 1 p 1 2a1qK cd ln c 1 11s UB Edx c ycmc 1U Uay1C Ff J qf K c aJ f c3 1 1 1 1 p 2 1aD G1qK c1 1

U af J qf K c Y fŽ .3 2 2 1 1 p 1
U ay1B EU w x1qK ac y(ay1)c c1 mc 1 1dc dcmc 1C Fy

aD Gdx 1qK c dx1 1y , (53)
UB Ec ycmc 1U Uay1 aC Ff J qf K c aJ f c 1qK cŽ .3 1 1 1 1 p 2 1 1 1aD G1qK c1 1

where, withc* sc qc qc sc yc ,mc 1 2 3 mc 4

Uc ycmc 1c s (54)2 a1qK c1 1

and

Ua aq1c 1qK c qK K cŽ .mc 1 1 2 1 1
Uc s . (55)mc Ua1qK c 1qKŽ .1 1 2

The reduced molecular charge coefficient of stoi-
chiometry is

0 0B Ew f w3 3 4UC FY s 1q K , (56)p 20 0 0
D Gaw qw f w1 2 4 3

and

B Ef3U U U UC FJ s J q K J (57)p 3 2 4
D Gf4

is the polymeric apparent nonideality function. The
expression forc is used to obtain d lnc ydx in2 2

terms of c and c . Species 3 and 4 can bemc 1

described in terms of species 1 and 2, resulting in

d ln c d ln c d ln c d ln c4 3 1 2s sa q , (58)
dx dx dx dx
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where

d ln c 12s Udx c ycmc 1

U ay1B Edc dc aK c dcmc 1 1 1 1C F= y y . (59)
a

D Gdx dx 1qK c dx1 1

3.1.9. Slow reaction kinetics at steady state
Although Eq. (36) applies to associating sys-

tems in which the reduced molecular charge scales
with stoichiometry and the reaction kinetics are
too slow to ensure chemical equilibrium at allx at
steady state, its use cannot yield information about
the kinetics. Such kinetic information might be
obtainable by the application of numerical meth-
ods, however. Numerical methods would also be
applicable to systems for which the reduced molec-
ular charge does not scale with stoichiometry and
the reaction kinetics are too slow to ensure chem-
ical equilibrium at allx at steady state.

3.1.10. Applicability to equilibrium sedimentation
The steady-state equations above can be modi-

fied to apply to equilibrium sedimentation by
replacing x with r y2, where r is the radial2

position; replacingc with c , the total concen-mc mm

tration of macromolecules; and replacingw with0
j

s , the reduced molecular mass of speciesj in the0
j

limit as c approaches zero. An underlyingmm

assumption of the resulting equations is that the
kinetics of any reactions are fast enough to ensure
chemical equilibrium at allr when the system
becomes invariant with time. For an associating
system in which the buoyant molar mass does not
scale with stoichiometry, neither will the reduced
molar mass, and the sedimentation analog of Eqs.
(43) and (44) or Eq. (48) will apply. In such
cases, lettingJ represent the molar flux ofmm

macromolecules, andI represent the mass fluxmm

of macromolecules, I s0 but J /0 atmm mm

equilibrium.

3.2. Boundary velocity MCE

3.2.1. Method
Boundary velocity MCE is a broad-zone meth-

od, similar to velocity sedimentation. The initial

state of the system in a typical boundary velocity
MCE experiment is one in which the concentration
of each species is invariant withx. Compared to
steady-state MCE, boundary velocity MCE is con-
ducted at relatively high current.
Assuming thatv is positive for all membrane-j

confined species, boundary velocity MCE produc-
es one or more downward moving boundaries in
the concentrations of those species. Behind the
boundaries, a region wherec s0 develops.mc

Ahead of the boundaries is a plateau region, where
c )0 and I is invariant with x. Thus, themc mc

continuity equation gives(≠c y≠t) s0 in themc x

plateau region.(This stands in contrast to the
radial dilution that occurs in velocity sedimenta-
tion, where, as a consequence of the system being
sector-shaped and the angular acceleration being
proportional to r, the plateau concentration
decreases exponentially with timew23,24x.) Ahead
of the plateau region, above the bottom membrane,
(≠c y≠t) )0. (If v differs in sign for differentmc x j

membrane-confined species, some boundaries may
move downward while others move upward.)
The transport velocity of speciesj is

B E≠ ln cjU UC Fvsu EyD (60)j j j
D G≠x t

and the weight average velocity of membrane-
confined species is

c vj j8 B E≠ ln cj/h mcU UC Fv s su EyD , (61)w w g
D G≠x tcj8

j/h

whereu* is the weight average apparent electro-w

phoretic mobility, andD* , the gradient averageg

apparent diffusion coefficient, is equal to

B E≠cjUC FDj8
D G≠x tj/hUD s . (62)g B E≠cjC F8

D G≠x tj/h

In the plateau region, where(≠ ln c y≠x)s0,mc t

u* sv yE andu* sv yE.j j w w

The relationship betweenu* and the reducedw
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molecular charge isu* sk T(wy f) yE, wherew B w

(wy f) is the weight average ratio of the reducedw

molecular charge to the frictional coefficient. The
relationship betweenw , the weight averagew

reduced molecular charge, and the apparent elec-
trophoretic mobility isw sE(u* f) yk T, wherew w B

(u* f) is the weight average product of the appar-w

ent electrophoretic mobility and the frictional
coefficient.

3.2.2. Weight average apparent electrophoretic
mobility measurements
In general,

UI s c vsv csc u Emc j j w j mc w8 8
j/h j/h

B E≠cmcUC FyD . (63)g
D G≠x t

In the plateau region,(≠c y≠x)s0, so thatI smc t mc

c u* E, wherec is c in the plateau region. Ifp w p mc

v could be measured in the plateau region, thenw

u* could be obtained, given knowledge ofE.w

Such measurements might be made by electro-
phoretic light scatteringw25x, but are not possible
with the existing MCE instrument. With that
instrument, however, a moving boundary approach
can be taken to obtainv , and thusu* .w w

An approach analogous to that taken by Gold-
berg in 1953w22x to obtain the weight-average
sedimentation coefficient,s , can be used to getw

u* . The plateau region is preceded by a movingw

boundary that, due to diffusion, spreads with time.
To measurev , a point in the boundary that has aw

velocity equivalent tov is followed. That point,w

x , is the equivalent point. If the boundary did note

spread with time, it would remain infinitely sharp,
and its position would be given byx , so thatce mc

would equal zero in the region precedingx , ande

c would equalc in the region followingx . Ifmc p e

x is a point wherec sc s0, andx is a point0 mc 0 p

wherec sc , thenmc p

x B Ep ≠cmcC Fc s dx. (64)p |
D G≠xx t0

From the definitions ofc , x , x andx , it followsp e 0 p

that

x xp p

c dxs c dx. (65)p mc| |
x xe 0

The left-hand side of this equation is justc x yp p

c x . Making use of d(c x)ydxsx(≠c y≠x)qp e mc mc t

c , the right-hand side can be integrated by parts,mc

giving

x c x x B Ep p p p ≠cmcC Fc dxs d c x y x dx. (66)Ž .mc mc| | |
D G≠xx c x x t0 0 0 0

The first integral on the right-hand side of this
equation is equal toc x yc x , which reduces top p 0 0

just c x , becausec s0. Thus, Eq.(65) can bep p 0

rewritten as

x B Ep ≠cmcC Fc x yc x sc x y x dx. (67)p p p e p p |
D G≠xx t0

Solving Eq.(67) for x yieldse

x xB E B Ep p≠c ≠cmc mcC F C Fx dx x dx| |
D G D G≠x ≠xx x0 0t tx s s . (68)e xpB Ec ≠cp mcC F dx|

x D G≠x0 t

As this equation shows,x is the first moment ofe

the boundary, which is the gradient average ofx
in the boundary. Lettingx equal the position of0

the membrane behind the plateau, the elapsed time,
t , is the time required for the first moment of thee

boundary to travel fromx to x . Thus,v sx yt ,0 e w e e

so u* sx yEt . Whereu* sI yEc , I sc x yw e e w mc p mc p e

t , and it could be said that this approach fore

determiningu* relies on measuringI in thew mc

plateau by examining the depletion of membrane-
confined species in the region behind the plateau.

3.3. Finite element simulation program

For a solution that includes the membrane-
permeant solutes X and P, plus the membrane-
confined solutes A, B and A B X , the sum ofa b x
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the continuity equations of the solutes is

ny1 ny1B E B E≠c ≠Ij jC F C Fsy8 8
D G D G≠t ≠xx tjs1 js1

a b x ny1k c c c yk cf A B X r A B Xa b xy nM ,j j8MA B Xa b x js1

(69)

where the mass–action association is described by
aAqbBqxX~A B X , for which k is the for-a b x f

ward rate constant, andk is the reverse rater

constant. For reactants,n is the stoichiometry. Forj

products,n is the stoichiometry timesy1. For allj

other species,n is zero. The summation in thej

second term on the right-hand side is zero, as will
be any such summation for any mass–action asso-
ciation w26x, so that

ny1 ny1B E B E≠c ≠Ij jC F C Fsy . (70)8 8
D G D G≠t ≠xx tjs1 js1

Eq. (70) is the starting point for developing the
simulation program described here. That program,
implemented using finite element methodsw11x,
permits the simulation of MCE from arbitrary
starting conditions to steady state. For each spe-
cies, the continuity equation,(≠c y≠t) sy(≠I yj x j

≠x) , is used to develop a set of equations that cant

be solved to obtain a set of concentrations at
consecutive time steps. Eq.(22) is used forI , andj

coefficients of the concentration of each species
are used to treat nonideality inw , D* and f . Thej j j

continuity equation is multiplied by a set ofN
functions ofx indexed, say, byq, where 1(q(N.
The concentration is approximated as the sum of
another set ofN functions ofx, each elementk of
which, where 1(k(N, is multiplied by a scalar
coefficient, c* (t), that is a function oft and isk

invariant with x. These steps render the partial
derivatives ordinary, which permits integrating the
result with respect tox. (If w , f and of eachUDj j j

species can be treated as dependent only onc* (t)k

of the various species present, thenw , f andD*j j j

are independent ofx, and give rise to no partial
derivatives.) Integration yields a useful expression
of the time derivatives ofc*(t), the set of all
c* (t) for some species. The utility of the integra-k

tion step depends, in part, on the flux at the
boundaries of the system being zero for each
species.
The simulation handles two overlapping sys-

tems. The limited system is that within the cuvette,
and is the sole system that directly applies to the
flux of completely membrane-confined species. At
the boundaries of the limited system, the flux of
membrane-confined species is zero. The nearly
infinite system includes the cuvette, and extends a
virtually infinite distance above and below the
cuvette. The nearly infinite system directly applies
to the flux of species that freely permeate the
membranes. At the boundaries of the nearly infi-
nite system, the flux of membrane-permeant spe-
cies is considered to be zero.
The nearly infinite system is meant to simulate

the continuous supply of fresh buffer above and
below the cuvette. Except in the vicinity of the
distant boundaries of the nearly infinite system,
the concentration of each membrane permeant
species is considered to be invariant withx and t
above the top membrane and below the bottom
membrane. With this arrangement, only the cuvette
and the regions immediately above and below it
need to be handled explicitly when using the nearly
infinite system.
The program employs a Crank–Nicholson

approachw27x to express dc*(t)ydt asDc*(t)yDt,
where Dc*(t) and Dt are finite increments. The
time step is Dt. The difference between the
unknownc*(tqDt) and the knownc*(t) isDc*(t).
The result is solved forc*(tqDt). Interactions
between species are handled separately between
time steps. It has been found that the program is
made more robust by first calculatingc*(tqDt)
starting fromc* (tqDt), then recalculatingc*(tq1

Dt) starting from c* (tqDt), and averaging theN

results.
For species that permeate the membranes with

some difficulty, the percent of permeability is equal
to the percent of time steps in which the infinite
system is applied, while the limited system is
applied in all other time steps. With such species,
the application of each system is distributed as
evenly as possible over the entire time course of
the simulation.
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The program has been used to check the validity
of the equations relevant to the kinds of systems
described in this paper(e.g. see Figs. 4 and 6).
The program can also simulate sedimentation, to
which no analog of the infinite system of MCE
applies. For sedimentation, the applicable conti-
nuity equation is the Lamm equation,(≠c y≠t)sj r

y(1yr)(≠I ry≠r) w26x, where s v r replaces2
j t j

k Tw y f in I , with v being the angular velocityB j j j

of the centrifuge rotor.

4. Conclusions

Being a numerical method, the finite element
simulation program is a potential tool for analyzing
data from complicated systems for which no ana-
lytic solution of the applicable differential equation
can be found. This includes some MCE systems
at steady state, some sedimenting systems at equi-
librium, and many boundary velocity MCE and
velocity sedimentation systems. The use of finite
element simulations to fit velocity sedimentation
data from interacting systems has been demonstrat-
ed for systems in which the reaction kinetics are
fast enough to ensure chemical equilibrium
throughout at all timesw27x. This suggests that the
same general approach to data analysis might be
extendable to other types of complicated systems
in both MCE and sedimentation. No method of
analysis that has its basis in nonequilibrium ther-
modynamics, however, can independently yield
information about molecular parameters, such as
valence.
As discussed in Section 2.3,z* is not a molec-j

ular parameter. Therefore,u* , w and w are not0
j j j

molecular parameters, and determiningz fromj

u* , w or w is complicated by the necessity to0
j j j

account for the electrophoretic effect and the asym-
metry effect. For small, rigid proteins in some
solvent conditions, at least, these complications
appear to be surmountable, so thatz can bej

obtained by comparing experimental electrophor-
etic measurements with corresponding results from
either relatively simple calculations or detailed
boundary element modelingw28x.

The relatively simple calculations utilize
Booth’s or Henry’s equation for the apparent
electrophoretic mobilityw15x. Henry’s is the sim-

plest, and can be written in terms of the valence
and the diminished valence, giving

z H xRŽ .j EjUz s , (71)j 1qxREj

whereR is the exclusion radius of speciesj, x isEj

the inverse Debye length(a function ofT andG),
andH(xR ) is Henry’s function, which increasesEj

sigmoidally from its lower limit of 1.0 to its upper
limit of 1.5 as log(xR ) ranges from approximate-Ej

ly y1 to 3. The Stokes radii of the spherical
particles that are hydrodynamically equivalent to
the central ion (species j) and its counterion
(speciesc) areR andR , respectively. The sumS Sj c

of R andR is equal toR .S S Ej c j

Use of Eq.(71) requires sufficient hydrodynam-
ic data to determineR and sufficient electrophor-Ej

etic data to determinez* . For a membrane-j

confined, single-species component, in the limit as
c approaches zero,R sk Ty6phD* w15x, wherej S B jj

h is the viscosity of the solution.(As the MCE
instrument can be used to measureD* of aj

membrane-confined, single-species component
w29x, both z* and R could be obtained with dataj Sj

from this one instrument.) Tabulated values of
D* are generally used to estimateR as k Tyc S Bc

6phD* . Efforts are under way to study thec

applicability of Henry’s equation to experimental
results with large, flexible proteins in solution.

5. List of parameters and constants

Due to the mixture of cgs and mks units com-
monly used in electrophoresis, the typical units of
the parameters are given in parentheses. Similarly,
the values and typical units of the constants are
given in parentheses.
g: activity coefficient(dimensionless)
G: ionic strength(molyl)
h: solution viscosity(gycm s)
Q: Faraday conversion factor

(299.7925=10 statcoulombyCoulomb)7

k: conductivity of the solution(Siemensy
cm)

m: chemical potential(ergymol)
n: signed stoichiometry used in the sum of

the continuity equations(dimensionless)
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J :j contribution of speciesj to the
thermodynamic nonideality of the system
(dimensionless)

J* :j contribution of speciesj to the apparent
nonideality of the system
(dimensionless)

J* :p polymeric apparent nonideality function
(dimensionless)

r: solution density(gycm )3

s: reduced molecular mass(1ycm )2

t: transference number(dimensionless)
:ȳj partial specific volume of the system

with respect to speciesj (cm yg)3

F: free energy dissipation function(ergy
cm s)3

x: inverse Debye length(1ycm)
C: electric potential(statvolt)
v: angular velocity(radianys)
√: electric field conversion factor(299.7925

Vystatvolt)*
a* :0j

apparent activity of speciesj at x (same0

dimensions asc)
A: cross-sectional area(cm )2

A :g molar affinity of reactiong (ergymol)
b :k (kq1)th virial coefficient of the

electrohydrodynamic nonideality of the
system((molyg)(cm yg) )3 k

B :k (kq1)th virial coefficient of the apparent
thermodynamic nonideality of the system
((molyg)(cm yg) )3 k

B* :k (kq1)th virial coefficient of the apparent
nonideality of the system((molyg)(cm y3

g) )k

c: mass concentration(gycm )3

D: diffusion coefficient(cm ys)2

e: elementary charge(4.8032354=10y10

statcoulomb)
:êx unit vector in the direction of the

positivex-axis (dimensionless)

:
™
E electric field vector(Vycm)
f: hydrodynamic frictional coefficient(gys)
F: Faraday(2.89253=10 statcoulomby14

mol)*
g: standard gravitational acceleration(980.7

cmys )2

G: magnetic field(T) or Coriolis force
(dyneyg)

H(xR ): Henry’s function(dimensionless)E

:
™
i current vector(ampere)

:
™
I mass flux vector(gycm s)2

:
™
J molar flux vector(molycm s)2

J :rg molar reaction flux of reactiong (moly
cm s)3

k :f forward rate constant((cm yg) ys, nq13 n

being the sum of the unsigned reactant
stoichiometries)

k :r reverse rate constant((cm yg) ys,mq13 m

being the sum of the unsigned product
stoichiometries)

k :B Boltzmann constant(1.38066=10y16

ergyK)
K: equilibrium constant(treated as having

the same dimensions ask yk )�f r

L :j,k phenomenological coefficient linking the

transport of speciesj to (mol sy™ 2Xk
g cm )3

M: molar mass(gymol)
N :A Avogadro’s number(6.022045=10 y23

mol)
P: pressure(dyneycm )2

q :1 first coefficient of the Onsager equation
((lymol)siemensycm)

q :2 second coefficient of the Onsager
equation((lymol) siemensycm)3y2

Q: charge(statcoulomb)
r: radial position in a centrifuge rotor

(cm )2

R: ideal gas constant(8.31441=10 ergy7

mol K)*
R :E exclusion radius(cm)
R :S Stokes radius of a hydrodynamically

equivalent spherical particle(cm)
s: sedimentation coefficient(s)
t: time (s)
T: absolute temperature(K)
u*: apparent electrophoretic mobility(cm y2

V s)
U: total molar potential(ergymol)

:™v transport velocity vector(cmys)
w: reduced molecular charge(1ycm)
W: flow-independent reduced molecular

charge(1ycm)
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x: vertical position in an MCE cuvette(cm)

:
™
Xk conjugate molar force of the flux in

speciesk (dyneymol)
Y andY : reduced molecular charge coefficientsp

of stoichiometry(dimensionless)
z: valence(proton equivalent)
z*: diminished valence(proton equivalent)

*With F and R in cgs units,Fy√Rs11 604.5
KyV. This is also equal to the mks Faraday
(96 484.56 coulombymol) divided by the mks
ideal gas constant(8.31441 Jymol K).

The equilibrium constant is typically expressed�

in terms of molar concentration, rather than mass
concentration. For the most complicated reaction
described in this paper, aAqbBq
xX ~A B X , and neglecting nonideality, so"z

a b x

that concentration can be substituted for activity
in the expressions,K expressed in terms of mass
concentration is given byc yc c c , while Ka b x

4 1 2 3

expressed in terms of molar concentration is given
by (c yc c c )(M M M yM )(1000 cmya b x a b x 3

4 1 2 3 1 2 3 4

l) , where the subscripts, 1, 2, 3 and 4,1yaybyx

refer to species A, B, X and A B X , respec-"z
a b x

tively. Strictly speaking,K, or any other quantity,
must be made dimensionless before taking its
logarithm. To makeK dimensionless, the concen-
tration of each species is first divided by the
appropriate standard-state unit concentration, and
K is then calculated using the resulting ratios in
place of the corresponding concentrations.
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